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Number Theory Solutions

These Three Threes

P that for all N that = 23t 1),
rove that for all n € a ;3 2(3 )
Solution:

1 3n+1 _ 1)

Let P(n) be the statement Z?,i = 5(

=0
We prove that P(n) is true for all n € N by induction on n.

1 1
Base Case. > (3°=30=1=_(2) = 5(31 — 1), so P(0) holds.

Induction Hypothesis. Suppose that P(k) is true for some k € N.

Induction Step. We show P(k + 1):

K+l ko
Z 3= 23’ + 3kl [Take out a term]
=0 i=1
1
= 5(3’"’Jrl — 1) + 3k+1 [Induction Hypothesis]
1 1
= §3k+1 5t 3kt1 [Distributivity]
Sokt1 1 "
= 23 ~3 [Addition]
1 1
= §3k+1+1 5 [Algebraic Properties of Real Numbers]
1
= 5(3k+1Jrl -1) [Distributivity]

Therefore, P(n) is true for all n € N by induction.



