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Lecture 15:  Strong Induction

Induction Is A Rule of Inference
Domain:	  Natural	  Numbers

How does this technique prove P(5)?

First, we prove P(0).
Since P(n) → P(n+1) for all n, we have P(0)→ P(1).  

Since P(0) is true and P(0)→ P(1), by Modus Ponens, P(1) is true.
Since P(n) → P(n+1) for all n, we have P(1)→ P(2).

Since P(1) is true and P(1) → P(2), by Modus Ponens, P(2) is true.

Induction Is A Rule of Inference…Again
Domain:	  Natural	  Numbers

1. P(0) (“Given”)
2. ∀𝑛	  (P 𝑛 → P 𝑛 + 1 ) (“Given”)
3. P(1) (MP: 2, 1)
4. P(2) (MP: 2, 3)
5. P(3) (MP: 2, 4)
6. P(4) (MP: 2, 5)

Induction Is A Rule of Inference
Domain:	  Natural	  Numbers

1. P(0) (“Given”)
2. ∀𝑛	  (P 𝑛 → P 𝑛 + 1 ) (“Given”)
3. P(1) (MP: 2, 1)
4. P(2) (MP: 2, 3)
5. P(3) (MP: 2, 4)
6. P(4) (MP: 2, 5)

1. P(0) (“Given”)
2. ∀𝑛	  ((P 0 ∧ P 1 ∧ ⋯∧ P 𝑛 → P 𝑛 + 1 ) (“Given”)
3. P(1) (MP: 2, 1)
4. P(2) (MP: 2, 1, 3)
5. P(3) (MP: 2, 1, 3, 4)
6. P(4) (MP: 2, 1, 3, 4, 5)

“Induction”

“Strong Induction”

Notice how when we 
use regular induction, 
we’re already proving 
the things necessary to 
use strong induction. 

This is no extra work 
with a benefit!

Strong Induction

𝑃 0
∀𝑘	   𝑃 0 ∧ 𝑃 1 ∧ 𝑃 2 ∧ ⋯∧ 𝑃 𝑘 → 𝑃 𝑘 + 1

∴ ∀𝑛	  𝑃(𝑛)



Strong Induction English Proof

1. By induction we will show that 𝑃(𝑛)	  is true for 
every 𝑛 ≥ 0

2. Base Case: Prove 𝑃(0)
3. Inductive Hypothesis: 

Assume that for some arbitrary integer 𝑘	   ≥ 	  0,  
𝑃(𝑗) is true for every 𝑗 from 0 to 𝑘

4. Inductive Step: 
Prove that 𝑃(𝑘 + 1)	  is true using the Inductive 
Hypothesis (that 𝑃(𝑗) is true for all values �	  𝑘)

5. Conclusion: Result follows by induction

Every 𝑛 ≥ 2 can be expressed as a product of primes.

Let	  𝑃 𝑛 	  be	  “𝑛 = 	  𝑝:𝑝; ⋯𝑝< ,where	  𝑝:, 𝑝;, … , 𝑝< 	  are	  prime. ”

Base	  Case	  (n=2):
Induction	  Hypothesis:

Induction	  Step: We	  go	  by	  cases.

We’re trying to get…

We know (by IH)…

We	  go	  by	  strong	  induction	  on	  𝑛.

All numbers 
smaller than k can 
be expressed as a 
product of primes.

k can be expressed 
as a product of 

primes.

Every 𝑛 ≥ 2 can be expressed as a product of primes.

Let	  𝑃 𝑛 	  be	  “𝑛 = 	  𝑝:𝑝; ⋯𝑝< ,where	  𝑝:, 𝑝;, … , 𝑝< 	  are	  prime. ”

Base	  Case	  (n=2): Note	  that	  2	  is	  prime	  (which	  means	  it’s	  a	  product	  of	  primes).
Induction	  Hypothesis: Suppose	  that	  P(2),	  P(3),	  …,	  P(k	  – 1)	  are	  true	  for	  some	  𝑘 ≥ 2.

Induction	  Step: We	  go	  by	  cases.
Case	  1	  (k	  is	  prime):
Then,	  since	  k	  is	  prime,	  k	  is	  a	  product	  of	  primes.
Case	  2	  (k	  is	  composite):
Then,	  by	  definition	  of	  composite,	  we	  have	  non-‐‑trivial	  
1 < 𝑎, 𝑏 < 𝑘 such	  that	  k	  =	  ab.	  Since	  a	  and	  b	  are	  between	  2
and	  k	  – 1,	  we	  know	  P(2)	  and	  P(k	  – 1)	  are	  true.	  	  So,	  we	  have:

𝑎 = 𝑝:𝑝;⋯ 𝑝< and	  𝑏 = 𝑝<d;𝑝<de⋯𝑝<dℓ𝓁
Then,	  k	  =	  ab	  =	  𝑝:𝑝; ⋯𝑝<𝑝<d;𝑝<de⋯ 𝑝<dℓ𝓁
So,	  k	  can	  be	  expressed	  as	  a	  product	  of	  primes.

So,	  P(n)	  is	  true	  for	  all	  𝑛 ≥ 2 is	  true	  by	  induction.

We’re trying to get…

We know (by IH)…

We	  go	  by	  induction	  on	  𝑛.

All numbers 
smaller than k can 
be expressed as a 
product of primes.

k can be expressed 
as a product of 

primes.

Fibonacci Numbers

𝑓: = 0
𝑓; = 1
𝑓i = 𝑓ij; + 𝑓ije for all 𝑛 ≥ 2

Bounding the Fibonacci Numbers
f0 = 0
f1 = 1
fn = fn–1 + fn–2  for all n ≥ 2

Theorem:
2n/2 – 1 ≤ fn for all n ≥ 2

Let	  P(n)	  be	  “2n/2	  – 1 ≤	  fn”	  for	  all	  n	  ≥	  2.	  	  
We	  go	  by	  strong	  induction	  on	  n.

Base	  Case:

Induction	  Hypothesis:

Bounding the Fibonacci Numbers
f0 = 0
f1 = 1
fn = fn–1 + fn–2  for all n ≥ 2

Theorem:
2n/2 – 1 ≤ fn for all n ≥ 2

Let	  P(n)	  be	  “2n/2	  – 1 ≤	  fn”	  for	  all	  n	  ≥	  2.	  	  
We	  go	  by	  strong	  induction	  on	  n.
Induction	  Step:



Bounding the Fibonacci Numbers
f0 = 0
f1 = 1
fn = fn–1 + fn–2  for all n ≥ 2

Theorem:
fn < 2n for all n ≥ 2

Bounding the Fibonacci Numbers
Define fn as: f0 = 0

f1 = 1
fn = fn–1 + fn–2  for all n ≥ 2

Theorem:
2n/2 – 1 ≤ fn and fn < 2n

for all n ≥ 2
Proof:
Let	  P(n)	  be	  “2n/2	  – 1 ≤	  fn and	  fn <	  2n”	  for	  all	  n	  ≥	  2.	  	  
We	  go	  by	  strong	  induction	  on	  n.

Base	  Case:	  22/2	  – 1 =	  20 =	  1	  ≤	  0	  +	  1	  =	  f2,	  and	  
f2 =	  0	  +	  1	  =	  1	  <	  4	  =	  22.	  So,	  P(2)	  is	  true.

Induction	  Hypothesis:
Suppose	  P(j)	  for	  all	  integers	  j	  s.t.	  2	  ≤	  j	  ≤	  k	  for	  some	  k	  ≥	  2.

Induction	  Step: We	  want	  to	  show	  2(k+1)/2 – 1 ≤ fk+1 and fk+1 < 2n

Bounding the Fibonacci Numbers
Define fn as: f0 = 0

f1 = 1
fn = fn–1 + fn–2  for all n ≥ 2

Theorem:
2n/2 – 1 ≤ fn and fn < 2n

for all n ≥ 2
Induction	  Step: We	  want	  to	  show	  2(k+1)/2 – 1 ≤ fk+1 and fk+1 < 2n

If	  k+1=3,	  23/2	  – 1 =	  21/2 ≤	  2	  =	  1	  +	  1	  =	  f3,	  and
f3 =	  1	  +	  1	  =	  2	  <	  8	  =	  23.	  So,	  P(3)	  is	  true.

Otherwise,	  note	  that	  fk+1 =	  fk +	  fk-‐1 by	  definition.	  	  
Taking	  each	  inequality	  separately:
fk+1 =	  fk +	  fk-‐1 <	  2k +	  2k-‐1 (by	  IH)

<	  2k +	  2k (2k-‐1 <	  2k)
=	  2k+1

fk+1 =	  fk +	  fk-‐1 ≥	  2k/2–1 +	  2(k-‐1)/2–1 (by	  IH)
≥	  2(k-‐1)/2–1 +	  2(k-‐1)/2–1 (Because	  2k/2–1 >	  2(k-‐1)/2–1)

=	  2(2(k-‐1)/2–1)	   (Combining	  terms)
=	  22/2+(k-‐1)/2–1	   (Multiplying)
=	  2(k+1)/2–1 So, the claim is true by strong induction.

Running time of Euclid’s algorithm
Theorem:  Suppose that Euclid’s Algorithm takes n steps

for gcd(a,b) with a > b.  Then, a ≥ fn+1.

We go by strong induction on n.  
Let P(n) be “gcd(a,b) with a > b takes n steps → a ≥ fn+1” for all n ≥ 1.  

Base Case: 
If	  Euclid’s	  Algorithm	  on	  a,	  b,	  with	  a	  >	  b,	  takes	  1	  step,	  then	  it	  must	  be	  the	  
case	  that	  b	  |	  a.	  	  
Note	  that	  f2 =	  1.
Note	  that	  if	  a	  were	  0,	  then	  gcd(0,	  b),	  which	  takes	  zero	  steps.	  	  So,	  the	  
smallest	  possible	  value	  for	  a	  is	  1,	  which	  is	  f2.	  
Induction	  Hypothesis: Suppose	  P(j)	  for	  all	  integers	  j	  s.t. 1	  ≤	  j	  ≤	  k	  for	  some	  
k	  ≥	  1.

Induction	  Step: We	  want	  to	  show	  if	  gcd(a,b)	  takes	  k+1	  steps,	  then	  a	  ≥	  fk+2.
If k = 2, note	  that	  a	  >	  1,	  because	  gcd(1,	  b)	  takes	  one	  step.	  	  Also,	  f3 =	  2.

Running time of Euclid’s algorithm
Theorem:  Suppose that Euclid’s Algorithm takes n steps

for gcd(a,b) with a > b.  Then, a ≥ fn+1.
Since	  the	  algorithm	  took	  k+1	  steps,	  let’s	  give	  them	  names:

Say	  rk+1 =	  a	  and	  rk =	  b,	  and	  ri =	  ri-‐1 mod	  ri-‐2.
So,	  gcd(a,	  b)	  =	  gcd(rk+1,	  rk)	  

=	  gcd(rk,	  rk mod	  rk+1)	  =	  gcd(rk,	  rk-‐1)
=	  gcd(rk-‐1,	  rk-‐1 mod	  rk)	  =	  gcd(rk-‐1,	  rk-‐2)
=	  …

Writing	  these	  as	  equations,
we	  have:

rk+1 =	  qkrk +	  rk-‐1
rk =	  qk-‐1rk-‐1 +	  rk-‐2

…
r3 =	  q2r2 +	  r1
r2 =	  q1r1

Note	  that	  qi ≥	  1,	  ri	  ≥	  1.

Note	  that	  after	  one	  iteration	  of	  the	  algorithm,	  
we’re	  left	  with	  gcd(rk,	  rk-‐1)which	  takes	  k	  steps.	  	  
By	  the	  IH,	  rk ≥	  fk+1.	  	  So,
rk+1 =	  qkrk +	  rk-‐1 (by	  gcd	  algorithm)

≥	  qkfk+1 +	  fk (by	  IH)
≥	  fk+1 +	  fk (qk ≥	  1)
≥	  fk+2 (definition	  of	  f)


