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Strong Induction

P(0)
vk ((P(0) AP(1) AP(2) A~ AP(K)) - P(k + 1))

s Vn P(n)
1. By induction we will show that P(n) is true for everyn > 0
2. Base Case: Prove P(0)

3. Inductive Hypothesis:
Assume that for some arbitrary integer k = 0, P(j) is true

foreveryj fromOQ to k

4. Inductive Step:
Prove that P(k + 1) is true using the Inductive Hypothesis
(that P(j) is true for all values [] k)

5. Conclusion: Result follows by induction




Fibonacci Numbers

fo=70
f1=1
fn=Jfn-1+ fn_p foralln =2




Bounding the Fibonacci Numbers

Define f, as: f;=0 Theorem:

h=2 n/2-1<
< Jn
f,=f,_4 +f,_o forallnz=2 2 - fn and fn 2
foralln 22

Proof:
Let P(n) be “2"/2-1<f_andf, < 2" foralln > 2.
We go by stronginductionon n.

Base Case: 2%/2-1=20=1<0+1=f,,and
f,=0+1=1<4=2250,P(2) is true.

Induction Hypothesis:
Suppose P(j) for allintegersjs.t.2 <j< kforsomek > 2.

Induction Step: We wantto show2k*t/2-1<f, andf,, < 2"



Bounding the Fibonacci Numbers

Define f, as: f;=0 Theorem:

h=2 n/2-1<
< Jn
f,=f,_4 +f,_o forallnz=2 2 - fn and fn 2
foralln 22

Induction Step: We wantto show2k*t/2-1<f, . andf,, < 2"

If k+1=3,23/2-1=21/2<2=1+1=f; and
f=1+1=2<8=2350,P(3)is true.
Otherwise, note that f,,, = f, + f,_; by definition.
Taking each inequality separately:
fog =i +f . <2k+ 21 (by IH)
< 2K+ 2k (2k1 < 24

— 2k+1
fio = fi + fi =2 2K271 4 2(k-1)/2-1 (by IH)
> 2(k-1)/2—1 + 2(k-1)/2—1 (Because 2k/2—1 > 2(k-1)/2—1)
= 2(2{k1)/2-1) (Combiningterms)
= 22/2+{(k-1)/2-1 (Multiplying)
= 9(k+1)/2-1

So, the claim is true by strong induction.



Running time of Euclid’s algorithm

Theorem: Suppose that Euclid’s Algorithm takes n steps
for gcd(a,b) witha > b. Then,a 2 f, ;.

We go by strong induction on n.
Let P(n) be “gcd(a,b) with a > b takesn steps —a2f " foralln 2 1.

Base Case:

If Euclid’s Algorithm on a, b, with a > b, takes 1 step, then it must be the
casethatb | a.

Note thatf, = 1.

Note that if a were 0, then gcd(0, b), which takes zero steps. So, the
smallest possible valueforais 1, which is f,.

Induction Hypothesis: SupposeP(j) forall integersjs.t.1<j<kforsome
k> 1.

Induction Step: We wantto show if gcd(a,b) takes k+1 steps,thena >f, ,,
If K =2, notethata > 1, becausegcd(1, b) takes one step. Also, f; = 2.



Running time of Euclid’s algorithm

Theorem: Suppose that Euclid’s Algorithm takes n steps
for gcd(a,b) with a > b. Then,a 2 f ;.
Since the algorithm took k+1 steps, let’s give them names:
Sayr,,=aandr =b,andr,=r_,modr,_,
So, gcd(a, b) = ged(ry.q, 1)
= ng(rk; M mod rk+1) = ng(rkr rk-1)
= ged(riy, My mod ry) = ged(ry, i)

Writing these as equations, . : .
5 q Note that after one iteration of the algorithm,

we have: we’re left with ged(r, r.,) which takes k steps.
Me1 = Akl F N By the IH, r, 2 f.,,. So,
e = Qkalicr + M2 Mot = Ol F s (by gcd algorithm)
2 Qifie + i (by IH)
I3 =Qr+tr 2fa+fc (a21)
r, =04 >y, (definition of f)

Notethatq;>21,r, 2> 1.



Recursive Definition of Sets

Recursive Definition
 Basis Step:0€ S
 Recursive Step:lIf x €S, thenx+2€S

* Exclusion Rule: Every element in S follows from
basis steps and a finite number of recursive
steps.



Recursive Definitions of Sets

Basis: 6€S,15€S
Recursive: If x,y € S,thenx+ye S

Basis: [1,1,0]€S,[0,1,1]€S
Recursive: If [Xx,Y, z] €S, then [ax, ay, &z] €S
If [X4, Y1, Z4] €S and [X,, ¥,, Z,] € S, then
[X1 + X2, Y1 + Y2, 24 + 2] €S.

Powers of 3:
Basis: 1 €S
Recursive: If X € S, then 3x € S.



