CSE 311: Foundations of Computing

Lecture 3: Digital Circuits & Equivalence

AND OVER THERE WE HAVE THE LABYRINTH GUARDS.
ONE ALWAYS LIES, ONE ALWAYS TELLS THE TRUTH, AND
ONE STABS PEOPLE WHO ASK TRICKY QUESTIONS.




Homework #1

* You should have received

— An e-mail from [cse311] with information
pointing you to Canvas to submit HW

— An e-mail from UW Canvas with a notification
about the homework assignment. Click on
“‘Assignments” to see all the questions

If you haven’t received one, send e-mail to
cse31l1-staff@cs.washington.edu



Last class: Logical Equivalence A =B

A = B is an assertion that two propositions A and B
always have the same truth values.

/\ta\ut.ology
A =B and AQ—) I§ =T have the same meaning.
PANGQ=g NP
Pl q| prqg|anap| (PAQ)(qgAap)
T T T T T
T |F F F T
FIT F F T
F|F F F T

PANqgZEqNVP
When p=T and q=F, p A qis false, butq V p is true



Last class: De Morgan’s Laws

De Morgan’s Laws

—(pAq)=—pV g
—(pV q)=—p A —q




Last class: Equivalences Related to Implication

Law of Implication
p—>q = pVvVq
Contrapositive
Pp—>q = "q—=>p
Biconditional

peoq = (@P>q9 A (- p)



Last class: Properties of Logical Connectives

Identity * Associative

- pAT=p - (vgvr=pv(gVvr)

- pVF=p —-(PAQAT=pA(GAT)
Domination * Distributive

- pVT=T —-pA@Vr)=(@AqQV(PAT)
- pAF=F —-pVv@Ar) =@V Ar(Vr)
Idempotent  Absorption

—pVpP=Dp -pV(pAg) =p

—pPAP=DP -pA(pVqg)=p
Commutative * Negation

—pVqg=EqVp —pVap=T

—DPAQ=EqAD —pA=ap=F



One more easy equivalence

Double Negation

= ——p

——p

pO>——p




Last class: Digital Circuits

Computing With Logic
—T corresponds to 1 or “high” voltage
—F corresponds to O or “low” voltage

Gates
— Take inputs and produce outputs (functions)
— Several kinds of gates

— Correspond to propositional connectives (most
of them)



Last class: AND, OR, NOT Gates

p q ouT

AND Gate 1| 1 1
p__ 1 0 0
q— 0| 1 0
0 0 0
OR Gate Pl a | o
1 1 1

P

qm 1|0 1
0 1 1

0| o0 0

NOT Gate p | out

1 0
p b our
0 1




Combinational Logic Circuits

Ap apn (19A (rvs)

q% A (rvs))
DD7s

Values get sent along wires connecting gates

e A (A A (rVe))




Combinational Logic Circuits

P>
q

Values get sent along wires connecting gates

pA(=gA(rVs))



Combinational Logic Circuits

p @ﬁ"ﬂ
q (,)\U-T\e,)v (r\q)

AND
r raq

Wires can send one value to multiple gates!

(P/\’\‘;])V(V/\’l‘[)



Combinational Logic Circuits

p

g

AND

AND

Wires can send one value to multiple gates!

(PA=q)V(mqAT)



Other Useful Gates

NAND R
-(p A q) SNIDant

NOR > T o
=(p Vv q) a T
XOR o Y,

pDq qu_)D:IOUt

XNOR

p o q > Db w

p q out
0 0 1
0 1 1
1 0 1
1 1 0
p qd out
0 0 1
0 1 0
1 0 0
1 1 0
p q out
0 0 0
0 1 1
1 0 1
1 1 0
D q out
0 0 1
0 1 0
1 0 0
1 1 1



Understanding logic and circuits

When do two logic formulas mean the same thing?
When do two circuits compute the same function?

What logical properties can we infer from other
onhes?



Basic rules of reasoning and logic

* Allow manipulation of logical formulas
— Simplification
— Testing for equivalence
* Applications
— Query optimization
— Search optimization and caching
— Artificial Intelligence
— Program verification



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are equivalent?

What is the runtime of our algorithm?



Computing Equivalence

Given two propositions, can we write an algorithm to
determine if they are equivalent?

Yes! Generate the truth tables for both propositions and check
if they are the same for every entry.

What is the runtime of our algorithm?

Every atomic proposition has two possibilities (T, F). If there are
n atomic propositions, there are 2™ rows in the truth table.



Another approach: Logical Proofs

To show A is equivalent to B

— Apply a series of logical equivalences to
sub-expressions to convert A to B

To show A is a tautology

— Apply a series of logical equivalences to
sub-expressions to convert Ato T



Another approach: Logical Proofs

To show A is equivalent to B

— Apply a series of logical equivalences to
sub-expressions to convert A to B

Example:
Let Abe “(p Ap)Vp”, and B be “p”.
Our general proof looks like:

(P Ap)Vp =( )
=p



Another approach: Logical Proofs

+ Identity + Associative De Morgan’s Laws
- pAT=p - (vgevr=pvigVvr) —(PAQ) =PV —q
-pVF=p - (@A AT=EpA(gAT) —~(pvq)=—pAr—q
* Domination » Distributive L
Law of Implication
—pVT=T —-pAQ@Vr)=({@AgV(pAT) p>q = —pvg
- PAF=E — V@A =@VaAlpVr) Contrapositive
* Ildempotent * Absorption _
B B p—>q=—-q—>—p
—PVPEP B ﬂ@_"ﬁ) =P Biconditional
-~ PAPE=P -PABVO =P poq=@>9r@—>p)
* Commutative » Negation
-pvVgqg=qVp —pVap=T Double Negation
—pPAg=EqgAD —pAp=F p=——p
Example:

Let Abe “(p Ap) Vp”,and B be “p”.
Our general proof looks like:

(pApP)VP=( TVP )
~—"" Ep |‘0‘Amp‘}‘(/\+



Logical Proofs

+ Identity + Associative De Morgan’s Laws
- pAT=p - (vgevr=pvigVvr) —(PAQ) =PV —q
-pVF=p - (A AT=pA(gAT) —~(pvq)=—pAr—q
* Domination » Distributive

Law of Implication

-pVT=T —-pAlgvr)=(@AqQV(pAT
—pAF=F —pv(q/\r)=(pvq)/\EPVr; P=4d=-pva
pPAEF= pviq =WwVanlp Contrapositive
* |ldempotent * Absorption _
. _ p—>q=—-q—>—p
~PVPEP —pvPAQ =p Biconditional
-~ PAPE=P - PAVO =P poq=@>9r@—>p)
* Commutative » Negation
-pvVgqg=qVp —pVap=T Double Negation
—pPAg=EqgAD —pA=p=F p=——p
Example:

Let Abe “(p Ap) Vp”,and B be “p”.
Our general proof looks like:

(pAp)Vp=( pVD ) Idempotent
=p Idempotent



Logical Proofs

To show A is a tautology

— Apply a series of logical equivalences to
sub-expressions to convert Ato T

Example:
Let Abe “—pV (pVDp)
Our general proof looks like:

-pV(pVp)=( )

T



Logical Proofs

* Identity * Associative
-pAT=p -(vgevr=pvigvr)
-pVF=p - (A AT=pA(gAT)
* Domination = Distributive
-pVT=T -pAQ@@Vr)=(@AqQV(PAT)
- pAF=F -pV@Ar)=@VaA(PVr)
* |ldempotent * Absorption
- pVpP=p -pvpAg =p
—PAP=Dp -pA(pVvq =p
* Commutative » Negation
—-pVg=EqVp —pvVap=T
—pPAg=EqgAD —pA-ap=F
Example:

Let Abe “—pV (pVDp)
Our general proof looks like:

-pV(@Vp)=(r VP
WE PV—-‘P

De Morgan’s Laws
—(prgq)=—pVv—q
—(pvaq)=—pAr—q

Law of Implication

pP—>q=-pvq

Contrapositive

p—>q=-q—>—p

Biconditional

p<>q=(P>q)~(@q—>p)

Double Negation

p=——p

| dempebent

communtati YU

=T /\/‘wc\h\ow



Logical Proofs

* Identity * Associative
-pAT=p -(vgevr=pvigvr)
-pVF=p - (A AT=pA(gAT)
* Domination = Distributive
-pVT=T -pAQ@@Vr)=(@AqQV(PAT)
- pAF=F -pV@Ar)=@VaA(PVr)
* |ldempotent * Absorption
- pVpP=p -pvpAg =p
—PAP=Dp -pA(pVvq =p
* Commutative » Negation
—-pVg=EqVp —pvVap=T
—pPAg=EqgAD —pA-ap=F
Example:

Let Abe “—pV (pVDp)
Our general proof looks like:

-pV(pVp)=( -pVp
pV-p
T

De Morgan’s Laws
—(pAq)=—pVv—q
—(pvq@)=—pAr—q

Law of Implication

pP—>q=-pvq

Contrapositive

p—>q=-q—>—p

Biconditional

poq=@P->9)r(q@—>p)

Double Negation
p=E——p

) Ildempotent
Commutative
Negation



Prove these propositions are equivalent: Option 1

Prove:pA(p—>Q9)=pA(Q
Make a Truth Table and show:

PAP->q) (@A =T

plq| po>q |(pA(p—-Qq) pPAq (pA(P—-q) > (pAQq)
T T T T T T
T|F F F F T
FIT T F F T
F|F T F F T




Prove these propositions are equivalent: Option 2

Prove:p A (p—>Q)=p A(Q
PN (’TP Vﬂ] Low °£ smplieadins

pA(p—q)

= (p M) v (PAQ) Bt
= v (pAg)  MRT
= (pn9) VF Commuta® Ve

]
=
>
<
£
-4

* Identity * Associative De Morgan’s Laws
- pAT=p -(pveVvr=pvigVvr)
~pVF=p ~@AQDAT=pA(GAT) ~(pra)y=-pv—a
+ Domination + Distributive —(pva)=-prr—q
-pVT=T —-pA(@vr)=(mAqQV(pAT) Law of Implication
- pAF=F —pVv(@Ar)=(VOA(PVT) pP—>q=-pvq
* Ildempotent * Absorption Contrapositive
—PVP=D —-pvipAg) =p .P*.C{E—'q%—'?ﬂ
—pAP=D —pA(pVq) =p Biconditional
+ Commutative * Negation p<q=@>q9r@q—>p)
- pVqg=EqVp -pV-p=T Double Negation
- PAQ=qAp - pAp=F

p=—-p



Prove these propositions are equivalent: Option 2

Prove:pA(p—>Q9)=pA(Q

pA(p->q)=pA(=pVQq) Law of Implication
=(@A-p)V(pAQqQ) Distributive
=FV(pAq) Negation
=(@Aq)VF Commutative
=pAq Identity
* Identity " Associative De Morgan’s Laws
-pAT=p - (pvgvr=pv(gvr)
-pVF=p —(PAQAT=pA(GAT) —(prq)=—pv—q
* Domination * Distributive —~(Pva)=—pr—q
- pVT=T —pA(qVr)=(AqV(pAT) Law of Implication
- pAF=F -pv@Ar)=(mEVg@A(pVT) p—>q=-pvq
* ldempotent * Absorption Contrapositive
—pVp=p -pVvpAg =p pP=>q="4=>=p
—pAP=D —pA(pVq) =p Biconditional
« Commutative * Negation poq={@>qr@->p)
—pPVa=qVp —pVap=T Double Negation
—PAqQ=qAp —pA-p=F

p=—-p



Prove this is a Tautology: Option 1

(PAQ)—(qvp)

Make a Truth Table and show:

(pAq) > (qVp) =T

(pAq) > (qVp)

T

M| 44

M| =7 R

m M| |+ |>

e B R |

T
T
T




Associative
—(pvgvr=pv(gvr)

Prove this is a Tautology: Option 2 |- erorr=prann

Distributive

-pA(@Vvr)=(@AqQ V(pAT)
-pv@Ar)=(@VeA(pVr)

(PAQ)—=>(@Vvp) |

—-pvpArg =p
-pAlpv =p
Use a series of equivalences like so: V.
—pAﬂgEF
v (gvp)
Ag)— (qvp) = (PN
(pra)=(qvp) = (~p Vap) v (gVp) Pemerg—

Sp V (qu(avp) Ame i

2oV (g Vp)  Aseed

C'p | +C\4l.l\/

Identity
“PATED ap v ((Gvaq) Vvp)

- P =P .
Domination “p V(_T_VP) /\/“3 alan
—pVTfT _.,? V (P \/-T) Comhh"“‘"-'\'\
A=t 4
Idempotent AP vV ol omins’,
PR o(m'n'o\"lfa =
—PAP=D T

Commutative
—pPVqa=EqVp
—PAQ=qAp




Prove this is a Tautology: Option 2

Associative
- (vevr=pv(gvr)
—(PAQAT=DPA(gAT)
Distributive

(s

A Q) — (v Pp)

Use a series of equivalences like so:

wAq) > (@Vp)=-(AqV(qVD)

Identity
-pAT=p
—-pVF=p
Domination
—-pVT=T
—pAF=F
Idempotent
—pPVPp=EPpP
—PAP=DP
Commutative
—pvVqg=EqVp
—PAG=qAp

=(-pV-q)V(qVp)
-pV (~qV(qVp))
ap V ((=qVq)Vp)
-pV(PV(qVq))
(-pVp)V(aqVq)
(pV-p)V(qV-q)
TVT

T

Absorption
-pvipArg =p
-pAlpV@ =p
Negation
—pV-ap=T
—pAp=F

-pA(@vr)=(@AQV(pAT)
-pv@Aar) =@V A(pVvr)

Law of Implication
DeMorgan
Associative
Associative
Commutative

Associative

Commutative (twice)

Negation (twice)
Domination/ldentity



Logical Proofs of Equivalence/Tautology

* Not smaller than truth tables when there are only
a few propositional variables...

e ...but usually much shorter than truth table proofs
when there are many propositional variables

* A big advantage will be that we can extend them
to a more in-depth understanding of logic for

which truth tables don’t apply.



