homework #3 out

- Homework #3 is up today. It's all about proofs.
- James Is back on Monday.
- Proof recap session Wed at 6pm in EE 105.



review: proofs

« Start with hypotheses and facts
 Use rules of inference to extend set of facts
 Result is proved when it 1s included in the set
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proof by contradiction: one way to prove —p

If we assume p and derive False (a contradiction), then we
have proved —p.

1.p assumption
3. F
4. p—F direct Proof rule
5. —pVvF equivalence from 4

6. —p equivalence from 5



even and odd

Prove: “No integer Is both even and odd."
English proof of: — 3x (Even(x)AOdd(x))
= VX —(Even(x)AOdd(x))

We proceed by contradiction:
Let x be any integer and suppose that it is both even and odd.

Then x=2k for some integer k and x=2m+1 for some integer m.
Therefore 2k=2m+1 and hence k=m+..

But two integers cannot differ by 2 so this is a contradiction.
So, no integer Is both even an odd.

Even(x) =3y (x=2y)
Odd(x) =3y (x=2y+1)
Domain: Integers




cse 311: foundations of computing

Spring 2015
Lecture 9: Set theory

THE AXIONM OF CHOICE ALLOWS
YoU To SELECT ONE ELEMENT

FROM EACH SET IN'IH COLLECTION

AND HAVE IT” EXECUTED RS
AN EXAMPLE T0 THE OTHERS.
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MY MATH TEACHER WAS A BIG
RELIEVER IN PROOF BY INTIMIDATION,



set theory

-ormal treatment dates from late 19t century
Direct ties between set theory and logic
mportant foundational language




some common sets

N is the set of Natural numbers; N ={0, 1, 2, ..}

Z is the set of Integers; Z ={...,-2,-1,0, 1, 2, ..}

Q is the set of Rational numbers; e.q. ¥, -17, 32/48
R is the set of Real numbers; e.q. 1,-17, 32/48, n

[n] is the set {1, 2, ..., n} when n is a natural number

{} = D is the empty set; the only set with no elements

EXAMPLES

Are th ts? .
Arf {1,&?;e e Set membership:

B={1, 3,2 We write 2<E: 3«E.
C={, 1}

D={{} 17}
E={1,2,7,cat, dog, &, a}




definitions

A and B are egualif they have the same elements

A=B =Vx(xe A< xe B)

« Ais a subsetof B if every element of Ais also In B

AcB=Vx(xe A— xe B)

QUESTIONS
S A?
AcB? 7
P

CcB




definitions

A and B are egualif they have the same elements

A=B =Vx(xe A< xe B)
« Ais a subsetof B if every element of Ais also In B

ASB=Vx(xe A— xeB)

» Note: |[(A=B) =(A<SB) A(BCA)




building sets from predicates

The following says “S is the set of all x's where P(x) is true.”

S = {x:P(x)}

The following says “S is the set of those elements of A for
which P(x) is true.”

S={x e A:P(x)}
“The set of all the real numbers less than one"
fxeR: x < 1}

“The set of all powers of two"
{xeN: Jj(x =2}



set operations

AUB={x:(x€A)V(x €B)} Union

ANB={x:(x€A)A(x €B)}| Intersection

A\B={x:(x€A)N(x &B)} Setdifference

A=A{1, 2, 3} QUESTIONS
B={4,5,6} Using A, B, C and set operations, make...
C =13, 4} [6]=2 AUD
=2 AOL
1,21=2 A\C
{1322 (G ve e Sepade 4 ot 277




more set operations

ADB={x:(x€A D (x €B)) Symmetric

difference

A={x:x¢A]}

(with respect to universe U) Complement

QUESTIONS

N’

Let S ={1, 2}.

If the universe is A, then S is... {33
If the universe is B, then S is... { 4/t
If the universe is C, then S is... { %47
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it's Boolean algebra again! (yay...?)

 Definition for U based on v

AUB E {x:)(é/*k v Xé/%}

« Definition for N based on A

A(\l?): {X: X€A a Kélj}

« Complement works like —

A= (o 2(xeAy



empty set and power set

Power setof a set A = set of all subsets of 4

P(A)={B:Bc A}

e.q. Days={M, W, F}

P(Days) = { I,
M}, {W},{F},
M, W}{W,F},{M, F},
(M,W,F} }

co. 2@ =1 (P(F) = {7



cartesian product

AXB={(ab):a€AbeB}

A: &its %> {‘?zlv)¢}

A= QL) ), G,
(a4, @by 4]

Axdb = &

el = |- 12l



de Morgan’s laws

AUB=ANBR
XeAUb s N (x<h v X e3)

& (Aix€A) n 16<£B) )

ANB=AUB

K& Ans <> N(xeAn xed)
> ((xeA) v 1 (xed))

— (x€A vx éﬁ) Proof technique:
. To show C = D show
@Xé A UQR Xe C—->xeDand

XeD-oxeC



distributive laws

b ke PRUGVD) = (pred N (par)

ANBUC)=(ANB)U(ANC)
AUBNC)=(AUB)Nn (4 UC(C)

- -
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Russell’'s paradox

Alvight.. Let's a0 over

RSl 1 MATHEMATICS MUST

Gl SN = CASED on LoGic!

o ) FREGE CREATES THE
R1GH1 LoGlIC
(BASED N SETS)

3. 1 FIND PARADOX
e ‘oalc 15 FAULTY/

L. WHITEHEAD &1
MUST FIX 1TC/PRNCIRIAY)

Y 2" wodls the quest
pessicle.. '8, whch
— | warks wy own enfry, is

A\ the wajor crisis..

S0, what Whiteheod and | were

really doing, in building a paradox-
free Logic Wafdc:gu support

e — Mathewatics, was

~Fixing the hole
lhadl exposed in
Freoe's ideos!




representing sets using bits

 Suppose universe U 1s {1,2, ..., n}

« Canrepresent set B < U as a vector of bits:
bib, -+ b, where b, = 1wheni € B

bi = O when i ¢ B
— Called the characteristic vectorof set B

e Given characteristic vectors for A and B
— What is characteristic vector for A U B? A N B?



unix/linux file permissions

e 1s -1
drwxr-xr-x ... Documents/

-rw-r--r-- ... filel

 Permissions maintained as bit vectors
— Letter means bitis 1

— "--"means bit is 0.



bitwise operations

01101101
001101171

01111117

00107
0000

0
1-

A

00001010

01101101
00110111

01011010

Java:

Java:

Java:

z=x|y

Z=X&Y

z=x"y



a useful identity

« Ifxandyarebits: (x@y)dy=? X

» What if x and y are bit-vectors? Same My
bl wise



private key cryptography

* Alice wants to communicate message secretly to Bob
so that eavesdropper Eve who hears their conversation
cannot tell what Alice’s message Is.

* Alice and Bob can get together and privately share a
secret key K ahead of time.

| I
encrypt ! | decrypt
ciphertext : plaintext

plaintext

SENDER———»| key || P | key » RECEIVER
message : | e

messag

,__________




one-time pad

* Alice and Bob privately share random n-bit vector K
— Eve does not know K

« Later, Alice has n-bit message m to send to Bob

— Alice computes C=m @ K
— Alice sends C to Bob
— Bob computes m = C @ K which is (m ® K) ® K

 Eve cannot figure out m from C unless she can guess K




