cse 311: foundations of computing

~all 2015
_ecture 18:
Recursively defined sets and structural induction




administrative

Four weeks left: What happens now?

The class speeds up a bit.
Homework problems get more conceptual.

We will cover:

- Recursively defined sets and functions

- Structural induction

- Regular expressions and context free grammars
- Relations and graphs

- Finite state machines and automata

- Turing machines and undecidability



administrative

Will give exams back at the end of class.

Regrade requests: Each problem belongs to-a TA

Pro
Pro
Pro
Pro
Pro

D
D
D
D
D
D

Pro

You have to go see the relevant grader.

As usual:

em 1
em 2
em 3
em 4
em 5
emb6

Robbie
Becky / Tin
Jieche
Sam

lan

Evan

e

Make sure you understand the problem and your solution.



stressed?




recursive definition of sets

Recursive definition
— Basis step: 0 € S
— Recursive step: if x € S,thenx+2 € S

— Exclusion rule: Every element in S follows from basis
steps and a finite number of recursive steps
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recursive definition of sets

Basis: 6€S; 15€S;
Recursive: Ifx,y € S,thenx + y e S;

= Q&f{glo Ca Lz o, atkzl)

Basis: 1,1,0]e S, 011] S;
Recursive:

if [x,y,z]e S, @ € R, then [ax,ay,az] €S

It [, y1,21), [%5, 2, 2] € S neg peet?

then[x; + x,, y, + ¥, 2z, + 7,] €S j
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recursive definitions of sets: general form

Recursive definition
— Basis step: Some specific elements are in S

— Recursive step: Given some existing named elementsin S
some new objects constructed from these named elements
arealsoin S.

— Exclusion rule: Every element in S follows from basis steps
and a finite number of recursive steps



o= strings

* An alphabet X 1s any finite set of characters.
eg X={01}orX={A4,B,C,..X,Y,Z}or

Z p— ! 28 o | 95 _ |13 o 186 | [ 219 1|
2 e 29 - 96 | 154 U | 187 3 | 220
3 ¥ 30 s 97-122a-z | 155 ¢ | 188 2 221 r
4 ¢ 31 v | 123 (| 156 £ | 189 L | 222 II
5 & 32(space) | 124 | | 157 ¥ | 190 223
6 & 33 1| 125 }o| 158 R | 191 24 «
7 e 34 v 126 ~ 159 g | 192 L | 225 B
& m 35 # | 127 0O 160 a | 193 1 26 T
9 © 36 $ | 128 cC |11 il| 194 ¢ | 227 =
10 @ 37 % | 129 i | 162 ¢ | 195 + | 228 =
11 o 38 & | 130 é | 163 w | 196 - | 229 o

 The set X* of strings over the alphabet X 1s defined by
— Basis: € € 3* (€ is the empty string) (N wed JMA\WV“S)
— Recursive: ifw € X* a € %, theg wa € XX

o6 ¢ — 8 =2 ol —> ©I1F



palindromes

Palindromes are strings that are the same backwards
and forwards.

Basis:
€ 1s a palindrome and any a € X is a palindrome

Recursive step:
If p Is a palindrome then apa Is a palindrome for
everya €. ¢ 5 Qgo — Qaagfaxn
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binary strings such that...

First digit cannot be a 1. E S U [g’)
Basis* £ 3

Rewsie: b e § = Loe S
LeSab#g = L,éf

* No occurrence of the substring 11.
B gsis £éS( | € §
p—
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function definitions on recursively defined sets

Length: 1@\ (mo): |+ lan (o)
len (g) = 0; = 2 4 (e (1)

-—

= VX (en (€) — 3.
len (wa) =1+len(w); forw € 2*,a € X

Revefr{sal: (6~ (00 = Lok . 1o &8
€ =¢ = (0 &
(wa)R=awR forw et aeX = we
. R R K
Concatenation: Lyv: (X+y) =9~ X

x e €= xforx e X*
x e wa=(x e w)aforx,weX*acX

sle 6l = (lolsot) )= (loleo) Ul
= (lOt" ) oll = |6(o(l



function definitions on recursively defined sets

Number of vowels in a string:
>={ab,c, ..., 2z}
VYV ={a,e, i,o,u}

XAV \[o uﬂ-‘S X

nu\v\\/()w\S (C) = O

VLM\/OMS<W°‘) =
s & i* o V0wt \§ () LEV
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| + y\um\/%w/\b (U) a €V



rooted binary trees

* Basls: * IS a rooted binary tree
 Recursive step:
. .
If <% and are rooted binary trees




rooted binary trees

* Basls: * IS a rooted binary tree
 Recursive step:

are rooted binary trees,



defining a function on rooted binary trees

A T )-1+S|zeT ) + size(T,)

height() 20 het e <K§>>

— J+ m\d(lum}m CT\)(

/\ Ihen Wt (T‘Z))

T)=1 + max{height(T,), height(T,)}

v



structural induction

How to prove V x € S, P(x) Is true:

Base Case: Show that P(u) is true for all specific elements
u of S mentioned in the Basis step

Inductive Hypothesis: Assume that P is true for some
arbitrary values of each of the existing named elements
mentioned in the Recursive step

Inductive Step: Prove that P(w) holds for each of the new
elements w constructed in the Recursive step usmﬂ the
named elements mentioned in the Inductive Hypothesis

Conclude thatv x € S, P(x)



structural induction

How to prove V x € S, P(x) Is true:

Base Case: Show that P(u) is true for all specific elements
u of S mentioned in the Basis step

Inductive H pOthE/. Basis: * is arooted binary tree \

arbltr_ary Va- Ues of * Recursive step:
mentioned in the / . .
Inductive Step: Prf f A%, and /2% are rooted binary rees,
. :_- 1 .“‘ :: 2 ‘."
elements W COﬂSt Sranenannans Y Sieeenenanes 1
named elements n /\
Conclude that v x thensois: € A
T,n 712
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structural induction vs. ordinary induction

Ordinary induction is a special case of structural induction:
Recursive definition of N

Basis: 0 €N
Recursive step: If k € Nthenk + 1€ N

Structural induction follows from ordinary induction:

Let Q(n) be true iff for all x € S that take n recursive steps
to be constructed, P(x) Is true.



using structural induction

Let S be given by:
— Basis: 6 <S; 15 € S:;
— Recursive: if x,y € S thenx +y € S.

Claim: Every element of S is divisible by 3.



