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.Q MQi QT2M i?2 2t�K #27Q`2 i?2 2t�K #2;BMb �M/ +HQb2 i?2 #QQFH2i r?2M iBK2 Bb
+�HH2/X ai�`iBM; 2�`Hv Q` rQ`FBM; �7i2` iBK2 Bb +�HH2/ rBHH H2�/ iQ � @Ry /2/m+iBQMX
uQm K�v r`Bi2 vQm` M�K2 �M/ L2i A. QM i?2 7`QMi Q7 i?2 2t�K #27Q`2 i?2 2t�K bi�`ibX

h?Bb 2t�K +QMi�BMb Rj T�;2b UBM+Hm/BM; i?Bb +Qp2` T�;2V �M/ 8 [m2biBQMbX aQK2 [m2biBQMb
?�p2 bm#@T�`ibX h?2`2 �`2 Ny TQbbB#H2 7Q` i?Bb 2t�K rBi? � TQBMi #`2�F/QrM HBbi2/ #2HQrX

uQm �`2 �HHQr2/ iQ ?�p2 QM2 b?22i Q7 T�T2` U#Qi? bB/2bV rBi? vQm �b vQm` +?2�i b?22iX
�HH Qi?2` K�i2`B�Hb #2bB/2b r`BiBM; mi2MbBHb b?QmH/ #2 Tmi �r�v #27Q`2 i?2 2t�K bi�`ibX h?Bb
BM+Hm/2b �HH 2H2+i`QMB+ /2pB+2b HBF2 T?QM2b- +�H+mH�iQ`b- �M/ bK�`i r�i+?2bX

h?Bb 2t�K Bb MQi- BM ;2M2`�H- ;`�/2/ QM bivH2 �M/ vQm /Q MQi M22/ iQ BM+Hm/2 +QKK2Mib
Q` BKTQ`ib 7Q` vQm` +Q/2X aT2+B}+ [m2biBQMb K�v bT2+B7v `2bi`B+iBQMb �#Qmi i?2 bivH2 Q7 vQm`
+Q/2 i?�i vQm Kmbi 7QHHQr iQ `2+2Bp2 7mHH +`2/BiX

uQm K�v MQi �##`2pB�i2 �Mv +Q/2- bm+? �b ǳ/BiiQǴ K�`Fb Q` ǳXXXǴ K�`FbX uQm K�v
r`Bi2 +Q/2 iQ i?2 bB/2 �M/ BM/B+�i2 r?2`2 Bi b?QmH/ #2 BMb2`i2/X h?2b2 K�`FBM;b Kmbi #2
mM�K#B;mQmb �M/ �Mv �K#B;mBiv r?2M ;`�/BM; K�v `2bmHi BM � /2/m+iBQM B7 vQm` +Q/2 Bb MQi
`2�/�#H2X �HH +Q/2 �M/ �Mbr2`b b?QmH/ `2K�BM rBi?BM i?2 T`QpB/2/ #Qt2b B7 TQbbB#H2X

uQm �`2 �HHQr2/ iQ �bF 7Q` b+`�i+? T�T2` �7i2` i?2 2t�K bi�`ib iQ mb2 �b �//BiBQM�H bT�+2
r?2M r`BiBM; �Mbr2`b- #mi vQm Kmbi BM/B+�i2 QM i?2 Q`B;BM�H T�;2 7Q` i?2 T`Q#H2K i?�i T�`i
Q7 i?2 �Mbr2` Bb QM b+`�i+? T�T2`X a+`�i+? T�T2` Kmbi #2 bi�TH2/ iQ i?2 1L. Q7 vQm` 2t�K
�7i2` vQm }MBb? i?2 i2biX 6�BHm`2 iQ /Q bQ K�v `2bmHi BM vQm` rQ`F QM b+`�i+? T�T2` MQi #2BM;
�++2Ti2/ r?BH2 ;`�/BM;X
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AMBiB�H �#Qp2 iQ BM/B+�i2 vQm ?�p2 `2�/ �M/ �;`22/ iQ i?2 `mH2b �#Qp2X
6�BHm`2 iQ BMBiB�H K�v `2bmHi BM vQm` 2t�K MQi #2BM; �++2Ti2/ 7Q` +`2/BiX
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RX URy TQBMibV q`Bi2 � 7mM+iBQM +�HH2/ `2p2`b2n7BH2 i?�i i�F2b i?2 M�K2 Q7 � }H2 �b �
T�`�K2i2` �M/ i?�i T`BMib Qmi i?2 }H2 HBM2@#v@HBM2- #mi i?2 HBM2b �TT2�`BM; BM i?2 `2p2`b2
Q`/2` i?�i i?2v �TT2�` BM i?2 }H2X

6Q` 2t�KTH2- B7 r2 ?�/ � }H2 +�HH2/ TQ2KXiti �M/ +�HH2/ `2p2`b2n7BH2U^TQ2KXiti^V,
TQ2KXiti

a?2 b2HHb
b2� b?2HHb
#v

i?2 b2� b?Q`2

`2p2`b2n7BH2U^TQ2KXiti^V

i?2 b2� b?Q`2

#v
b2� b?2HHb
a?2 b2HHb

>BMi, "2 +�`27mH rBi? M2r@HBM2bX uQm K�v �bbmK2 2p2`v HBM2 BM i?2 Q`B;BM�H }H2 2M/b
rBi? � bBM;H2@M2rHBM2 �M/ /Q2b MQi #2;BM rBi? �Mv r?Bi2 bT�+2 +?�`�+i2`bX h?2 QmiTmi
b?QmH/ MQi +QMi�BM �Mv #H�MF HBM2b mMH2bb BiǶb � +Q``2bTQM/BM; #H�MF HBM2 7`QK i?2 BMTmiX
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kX Uk8 TQBMib iQi�HV 6Q` i?2 7QHHQrBM; T`Q#H2Kb- r2 rBHH #2 rQ`FBM; rBi? i?2 +�`#QM 2KBbbBQMb
/�i�b2i b?QrM #2HQrX h?2`2 �`2 irQ K�BM T�`ib iQ i?Bb T`Q#H2K- kX� `2T`2b2Mib i?2 /�i�
�b � HBbi Q7 /B+iBQM�`B2b �M/ kX# `2T`2b2Mib Bi �b � T�M/�b .�i�6`�K2X

+Biv +QmMi`v 2KBbbBQMb TQTmH�iBQM
L2r uQ`F la� kyy R8yy
S�`Bb 6`�M+2 93 9k
"2BDBM; *?BM� jyy kyyy
LB+2 6`�M+2 9y ey
a2�iiH2 la� Ryy Ryyy

U�V URy TQBMibV q`Bi2 � 7mM+iBQM +�HH2/ K�tn2T+nK�Mm�H i?�i i�F2b irQ T�`�K2i2`b- �
HBbi Q7 /B+iBQM�`B2b `2T`2b2MiBM; i?2 /�i� �#Qp2 �M/ � M�K2 Q7 � +QmMi`v- �M/ `2im`Mb
i?2 M�K2 Q7 i?2 +Biv BM i?2 ;Bp2M +QmMi`v i?�i ?�b i?2 ?B;?2bi +�`#QM 2KBbbBQMb T2`
+�TBi� UmMBi Q7 2KBbbBQMb T2` T2`bQMVX
6Q` 2t�KTH2- B7 i?2 /�i� /2b+`B#2/ �#Qp2 Bb biQ`2/ BM � p�`B�#H2 +�HH2/ /�i�- i?2M
i?2 +�HH K�tn2T+nK�Mm�HU/�i�- ^la�^V rQmH/ `2im`M ^L2r uQ`F^ #2+�mb2 Bi ?�b
�M 2KBbbBQMb T2` +�TBi� Q7 yXRjj r?BH2 a2�iiH2Ƕb Bb QMHv yXRX
uQm K�v �bbmK2 MQ TQTmH�iBQM Bb y- i?�i �HH 2KBbbBQMb �`2 MQM@M2;�iBp2- �M/ i?2`2
�`2 MQ KBbbBM; p�Hm2bX A7 i?2`2 Bb � iB2 BM i?2 +�`#QM 2KBbbBQMb T2` +�TBi�- vQm
b?QmH/ `2im`M i?2 M�K2 i?�i �TT2�`b 2�`HB2` BM i?2 /�i�b2iX A7 i?2`2 �`2 MQ `Qrb BM
i?2 /�i�b2i 7Q` i?2 ;Bp2M +QmMi`v- vQm` 7mM+iBQM b?QmH/ `2im`M LQM2X 6Q` 7mHH +`2/Bi-
vQm` bQHmiBQM b?QmH/ `mM BM O(n) iBK2 r?2`2 n Bb i?2 MmK#2` Q7 `Qrb BM i?2 /�i�b2iX
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U#V 6Q` i?2 7QHHQrBM; T�`ib- r2 rBHH �bbmK2 r2 ?�p2 T�`b2/ i?2 �#Qp2 /�i�b2i BM �
.�i�6`�K2 M�K2/ /�i�X

BX U8 TQBMibV *QMbB/2` i?2 7QHHQrBM; TB2+2 Q7 +Q/2 UM2rHBM2b �//2/ 7Q` `2�/�#BHBivVX
/B+iU/�i�(/�i�(^TQTmH�iBQM) =4 8y)

X;`QmT#vU^+QmMi`v^V(^2KBbbBQMb^)XK�tUVV

6B`bi- r?�i Bb i?2 ivT2 Q7 i?2 p�Hm2 i?Bb 2tT`2bbBQM T`Q/m+2b Ub2H2+i QM2V
• .�i�6`�K2
• a2`B2b
• /B+i U/B+iQM�`vV
• 7HQ�i
• LQM2
• h?Bb +Q/2 +�mb2b �M 2``Q`

a2+QM/- r`Bi2 i?2 p�Hm2 i?Bb 2tT`2bbBQM 2p�Hm�i2b iQX A7 vQm r`Bi2 Qmi � .�i�6`�K2
Q` � a2`B2b- vQm /Q LPh M22/ iQ r`Bi2 Qmi i?2 BM/2t #mi B7 vQm r`Bi2 �
.�i�6`�K2- vQm Kmbi BM/B+�i2 i?2 +QHmKM M�K2bX A7 vQm �Mbr2`2/ ǳ2``Q`Ǵ iQ
i?2 H�bi [m2biBQM- 2tTH�BM r?v BM �i KQbi irQ b2Mi2M+2bX

BBX URy TQBMibV q`Bi2 � 7mM+iBQM +�HH2/ K�tn2T+nT�M/�b #2?�p2b 2t�+iHv i?2 b�K2
�b kX� 2t+2Ti Bi i�F2b � T�M/�b .�i�6`�K2 �b � T�`�K2i2` BMbi2�/ Q7 i?2 HBbi Q7
/B+iBQM�`B2bX

GBF2 BM i?2 ?QK2rQ`Fb- 7Q` 7mHH +`2/Bi vQm` bQHmiBQM Kmbi MQi mb2 �Mv HQQTb Q`
+QKT`2?2MbBQMbX uQm` bQHmiBQM b?QmH/ `mM BM O(n) iBK2 r?2`2 n Bb i?2 MmK#2`
Q7 `Qrb BM i?2 /�i�b2iX

>BMi, _2K2K#2`- vQm �`2 �#H2 iQ �`Bi?K2iB+ #2ir22M +QHmKMb Q7 .�i�6`�K2bX
6Q` 2t�KTH2 B7 vQm ?�/ � .�i�6`�K2 M�K2/ /7 �M/ r`Qi2 /7(^�^) Y /7(^#^)-
Bi rQmH/ `2im`M � M2r a2`B2b i?�i- �i 2�+? BM/2t- biQ`2b i?2 bmK Q7 i?2 p�Hm2b
�i i?2 b�K2 BM/2t 7`QK +QHmKM � �M/ #X

aT�+2 Bb T`QpB/2/ QM i?2 M2ti T�;2X
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jX Uk8 TQBMib iQi�HV 6Q` i?Bb T`Q#H2K- r2 rBHH mb2 � KQ/B}2/ /�i�b2i 7`QK S`Q#H2K k i?�i
?�b �M �//BiBQM�H +QHmKM 7Q` B7 i?2 +Biv Bb 2MpB`QMK2Mi�HHv 7`B2M/HvX 6Q` i?2 jX�- r2 rBHH
�bbmK2 i?2 bK�HH b�KTH2 Bb i?2 r?QH2 /�i�b2i 7Q` bBKTHB+Biv Tm`TQb2b- #mi 7Q` i?2 b2+QM/
T�`i �#Qmi K�+?BM2 H2�`MBM;- r2 rBHH �bbmK2 r2 ?�p2 � Km+? H�`;2` /�i�b2i i?�i Bb r2HH
`2T`2b2Mi�iBp2 Q7 r?�i r2 rQmH/ b22 BM i?2 rBH/X 6Q` 2�+? T`Q#H2K- r2 rBHH �bbmK2 i?2
/�i� ?�b #22M T�`b2/ �b � .�i�6`�K2 BM � p�`B�#H2 +�HH2/ /�i�X

+Biv +QmMi`v 2KBbbBQMb TQTmH�iBQM Bbn;`22M
L2r uQ`F la� kyy R8yy MQ
S�`Bb 6`�M+2 93 9k MQ
"2BDBM; *?BM� jyy kyyy MQ
LB+2 6`�M+2 9y ey v2b
a2�iiH2 la� Ryy Ryyy v2b

U�V 6Q` i?Bb T�`i- r2 rBHH 7Q+mb QM /�i� pBbm�HBx�iBQM mbBM; i?2 b2�#Q`M HB#`�`vX
BX UN TQBMibV AM i?2 bT�+2 #2HQr- r`Bi2 i?2 +Q/2 iQ /`�r � #�` THQi Q7 i?�i b?Qrb

i?2 2KBbbBQMb Q7 2�+? +Biv i?�i ?�b H2bb i?�M Q` 2[m�H iQ Ryyy T2QTH2 7Q` �
TQTmH�iBQMX h?2 THQi b?QmH/ +QHQ` 2�+? +Biv iQ BM/B+�i2 r?2i?2` Q` MQi i?2 +Biv
Bb Ǵ;`22MǴX �bbmK2 r2 �H`2�/v `�M BKTQ`i b2�#Q`M �b bMb �M/ bMbXb2iUVX
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BBX Ue TQBMibV aF2i+? i?2 #�` THQi vQm +`2�i2/ BM i?2 H�bi T`Q#H2KX Ai /Q2b MQi M22/
iQ #2 TBt2H T2`72+i- #mi Bi b?QmH/ �++m`�i2Hv +QMp2v i?2 /�i�X h?2 ;`�T? b?QmH/
?�p2 H�#2H2/ �t2b �M/ � H2;2M/ 2tTH�BMBM; i?2 +QHQ`bX 6Q` /`�rBM; Tm`TQb2b-
vQm b?QmH/ b?�/2 BM i?2 #�`b i?�i `2T`2b2Mi Ǵ;`22MǴ +BiB2b �M/ H2�p2 i?2 Qi?2`
#�`b r?Bi2X
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U#V h?Bb T`Q#H2K BMpQHp2b i`�BMBM; � K�+?BM2 H2�`MBM; KQ/2H iQ T`2/B+i r?2i?2` Q` MQi
� +Biv Bb Ǵ;`22MǴX
q2 rBHH K�F2 i?2 7QHHQrBM; �bbmKTiBQMb 7Q` 2�+? T`Q#H2K,

Ç q2 �`2 rQ`FBM; rBi? � H�`;2` /�i�b2i i?�i `2T`2b2Mi�iBp2 Q7 /�i� BM i?2 rBH/X
Ç q2 ?�p2 �H`2�/v `mM i?2 +Q/2 7Q` i?2 T`QT2` BKTQ`ib �M/ biQ`2/ i?2 /�i� BM �

p�`B�#H2 M�K2/ /�i�X
"2HQr Bb i?2 bi�M/�`/ +Q/2 7Q` i`�BMBM; � K�+?BM2 H2�`MBM; KQ/2H QM i?Bb /�i�X h?2
7QHHQrBM; [m2biBQMb rBHH �bF vQm �#Qmi r?v r2 M22/ 2�+? bi2T BM i?Bb T`Q+2bbX 6Q`
i?2 7QHHQrBM; [m2biBQMb- vQm` �Mbr2` b?QmH/ #2 � QM2 Q` irQ b2Mi2M+2 /2b+`BTiBQMX �
p�HB/ �Mbr2` 7Q` �Mv Q7 i?2 [m2biBQMb Bb ǳBiǶb MQi M2+2bb�`vǴ- BM r?B+? vQm` �Mbr2`
b?QmH/ /2b+`B#2 r?v i?2 bi2T Bb MQi M2+2bb�`vX

_2K2K#2` i?�i Qm` ;Q�H BM K�+?BM2 H2�`MBM; Bb iQ T`2/B+i i?2 p�Hm2 7Q` 7mim`2-
mMH�#2HH2/ /�i� �M/ iQ ;2i � ;QQ/ 2biBK�i2 Q7 ?Qr Qm` KQ/2H rBHH T2`7Q`K QM i?�i
7mim`2 /�i�X

R s 4 /�i�(/�i�X+QHmKMb 54 ^Bbn;`22M^)
k s 4 T/X;2in/mKKB2bUsV O i`�Mb7Q`Kb +�i2;Q`B+�H /�i�
j v 4 /�i�(^Bbn;`22M^)
9 sni`�BM - sni2bi - vni`�BM - vni2bi 4 $
8 i`�BMni2binbTHBiUs- v- i2binbBx24yXkV
e KQ/2H 4 .2+BbBQMh`22*H�bbB7B2`UV
d KQ/2HX7BiUsni`�BM - vni`�BMV
3 vni2binT`2/B+i 4 KQ/2HXT`2/B+iUsni2biV
N T`BMiU�++m`�+vnb+Q`2Uvni2bi - vni2binT`2/B+iVV
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BX Uj TQBMibV AM GBM2 R- r?v Bb Bi M2+2bb�`v iQ `2KQp2 i?2 ^Bbn;`22M^ +QHmKM
7`QK i?2 /�i�\

BBX Uj TQBMibV AM GBM2 k- r?v Bb Bi M2+2bb�`v iQ +�HH i?2 ;2in/mKKB2b 7mM+iBQM 7Q`
i?Bb /�i�b2i\

BBBX U9 TQBMibV q?v Bb Bi M2+2bb�`v iQ bTHBi i?2 /�i� BMiQ � i`�BM b2i �M/ � i2bi b2i\
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9X U�V UR8 TQBMibV q`Bi2 � +H�bb +�HH2/ 1H2+iBQM i?�i `2T`2b2Mib �M 2H2+iBQM r?2`2 T2QTH2
pQi2 7Q` � +�M/B/�i2X �M 1H2+iBQM ?�b � }t2/ b2i Q7 +�M/B/�i2b i?�i K�v #2 pQi2/
7Q`- �HHQrb T2QTH2 iQ pQi2 7Q` i?2B` +�M/B/�i2- �M/ +�M /2i2`KBM2 i?2 rBMM2` Q7 i?2
2H2+iBQMX h?2 rBMM2` Q7 i?2 2H2+iBQM Bb i?2 T2`bQM rBi? i?2 KQbi pQi2bX

h?2 1H2+iBQM +H�bb b?QmH/ ?�p2 i?2 7QHHQrBM; K2i?Q/b rBi? i?2 /2b+`B#2/ �`;m@
K2MibX uQm b?QmH/ MQi BM+Hm/2 �Mv �//BiBQM�H �`;mK2Mib 7Q` i?2b2 K2i?Q/b,

J2i?Q/ .2b+`BTiBQM
nnBMBinnUb2H7- +�M/B/�i2bV *`2�i2b �M 1H2+iBQM rBi? i?2 ;Bp2M HBbi Q7 +�M/B/�i2bX

h?2 Q`/2` Q7 i?2 +�M/B/�i2b /Q2b MQi K�ii2`X
1H2+iBQMb bi�`i rBi? MQ pQi2b 7Q` �Mv +�M/B/�i2X

pQi2Ub2H7- +�M/B/�i2V *�bib � bBM;H2 pQi2 7Q` i?2 ;Bp2M +�M/B/�i2X A7 i?2 pQi2
Bb 7Q` � +�M/B/�i2 MQi BM i?Bb 2H2+iBQM- i?2 pQi2 Bb B;MQ`2/X

rBMM2`Ub2H7V A7 i?2`2 Bb � mMB[m2 rBMM2` 7Q` i?2 2H2+iBQM UBX2X KQ`2 pQi2b
i?�M �Mv Qi?2` +�M/B/�i2V- i?Bb K2i?Q/ `2im`Mb i?2 M�K2
Q7 i?2 rBMM2`X A7 i?2`2 Bb MQ mMB[m2 rBMM2` i?Bb 7mM+iBQM
b?QmH/ `2im`M LQM2X

nn2[nnUb2H7- Qi?2`V _2im`Mb h`m2 B7 i?Bb 2H2+iBQM ?�b i?2 2t�+i b�K2 b2i Q7
+�M/B/�i2b �b i?2 Qi?2` �M/ 2�+? +�M/B/�i2 ?�b i?2 b�K2
MmK#2` Q7 pQi2b BM #Qi? 1H2+iBQMbX _2im`Mb 6�Hb2 B7 MQiX
uQm K�v �bbmK2 Qi?2` Bb �M 1H2+iBQMX

h?2 LQM2 `2im`M 7Q` rBMM2` Bb rQ`i? `2H�iBp2Hv 72r TQBMib 7Q` i?2 T`Q#H2KX A7 vQm
+�MǶi };m`2 i?�i T�`i Qmi- Dmbi +QMbB/2` i?2 +�b2 r?2`2 i?2`2 Bb � +�M/B/�i2 rBi?
KQ`2 pQi2b i?�M �Mv Qi?2`X q`Bi2 vQm` `2bTQMb2 BM i?2 #Qt QM i?2 M2ti T�;2X

U#V U8 TQBMibV AM i?2 #Qt #2HQr- r`Bi2 � b?Q`i T`Q;`�K i?�i +QMbi`m+ib �M 1H2+iBQM
#2ir22M S2/`Q �M/ amKK2`- +�bib j pQi2b 7Q` S2/`Q �M/ k 7Q` amKK2`- �M/ i?2M
T`BMib i?2 M�K2 Q7 i?2 rBMM2` #v +�HHBM; i?2 rBMM2` K2i?Q/X uQm b?QmH/ MQi �++2bb
i?2 }2H/b Q7 i?2 1H2+iBQM Q#D2+i BM i?Bb T`Q;`�K- vQm b?QmH/ QMHv +�HH K2i?Q/bX
uQm /Q MQi M22/ iQ r`Bi2 � K�BM K2i?Q/ 7Q` i?Bb T`Q#H2K- vQm K�v r`Bi2 i?2 HBM2b
Q7 +Q/2 /B`2+iHv BM i?2 bT�+2 #2HQrX



*a1 Rej 1t�K R @ S�;2 RR Q7 Rj 8fRyfkyRN



*a1 Rej 1t�K R @ S�;2 Rk Q7 Rj 8fRyfkyRN

8X URy TQBMib iQi�HV 6Q` i?2 7QHHQrBM; T`Q#H2Kb- r`Bi2 i?2 `mM@iBK2 Q7 2�+? 7mM+iBQM mbBM;
i?2 "B;@P MQi�iBQMX 6Q` i?2b2 T`Q#H2Kb- r2 rBHH mb2 n �b i?2 p�`B�#H2 iQ /2b+`B#2 i?2
H2M;i? Q7 i?2 BMTmi bi`m+im`2X uQm` �Mbr2` b?QmH/ #2 i?2 ǳbK�HH2biǴ "B;@P `mMiBK2
TQbbB#H2 UBX2X vQm K�v MQi b�v O(n12) �b �M �Mbr2` B7 O(n) Bb �M �Mbr2` i?�i Bb +HQb2`
iQ i?2 �+im�H `mM@iBK2VX
U�V Uk1/2 TQBMibV

/27 7mMRUMmKbV,
i 4 y
7Q` MmK BM MmKb,

i Y4 R
i Y4 MmK
i Y4 R

7Q` B BM `�M;2UH2MUMmKbVV,
i 4 i Y B

`2im`M i

U#V Uk1/2 TQBMibV
/27 7mMkUMmKbV,

i 4 y
7Q` t BM MmKb,

7Q` v BM MmKb,
i Y4 t  v

7Q` v BM MmKb,
i @4 t Y v

`2im`M iQi�H

U+V Uk1/2 TQBMibV
/27 7mMjUMmKbV,

i 4 y
7Q` B BM `�M;2UjV,

7Q` D BM `�M;2UH2MUMmKbVV,
7Q` F BM `�M;2URyV,

i Y4 B  D  F
`2im`M i

U/V Uk1/2 TQBMibV
/27 7mM9UMmKbV,

`2im`M K�tUMmKbV f KBMUMmKbV


