Plan for Today

e Fair division basics

e Intro to auctions
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Moving-knife Algorithm for fair division of a cake among n people

e Move a knife continuously over the cake from left to right
until some player yells “Stop!”

e Give that player the piece of cake to the left of the knife.

e [terate with the other n — 1 players and the remaining cake.
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11.1. CAKE CUTTING 195

1 2

value to player | ) 0 3
1 1

value to player I 0 o >
value to player IlI 0 0 1

FiGure 11.3. This figure shows an example of how the Moving-knife Algo-
rithm might evolve with three players. The knife moves from left to right.
Player I takes the first piece, then II, then III. In the end, player I is envious
of player III.



CAKE CUTTING FOR THREE
00
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Alice, Bob and Charlie want to share a cake
so that none of them envies other pieces.

@ Charlie cuts the cake into three pieces that
are equally valuable from his perspective.

\O@
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Alice and Bob identify their first choices.
If they identify the same choice, things get tricky.




CAKE CUTTING FOR THREE

@ Alice, Bob and Charlie want to share a cake m ° °
so that none of them envies other pieces. _ e

@ Charlie cuts the cake into three pieces that E ; \‘s e
\

are equally valuable from his perspective. - - -

Alice and Bob identify their first choices.
If they identify the same choice, things get tricky.

@ Bob trims his preferred piece to match
his second most preferred piece.

@ Putting the trim to one side they choose in this
order: Alice first*, Bob second and Charlie last.
It is envy free
...for Alice, because she got first choice.
...for Bob, because his second choice was equally valuable.
...for Charlie, because the three original slices were equal to him.

*If Alice doesn’t choose the trimmed piece, then Bob must take it.
Alice and Bob then trade places for the rest of the process.

To divvy up the trimmed slice, first Bob cuts
@ the trim into three pieces that are equally ./ A \‘ a
(— 1] \

valuable from his perspective.



CAKE CUTTING FOR THREE

Alice, Bob and Charlie want to share a cake o o
so that none of them envies other pieces. °

@ Charlie cuts the cake info three pieces that
are equally valuable from his perspective.
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Alice and Bob identify their first choices.
If they identify the same choice, things get fricky.
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@ Bob trims his preferred piece to match
his second most preferred piece.
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@ Putting the trim to one side they choose in this Trim
order: Alice first*, Bob second and Charlie last.
Itis envy free
..for Alice, because she got first choice.
....for Bob, because his second choice was equally valuable.
..for Charlie, because the three original slices were equal to him.
*If Alice doesn’t choose the trimmed piece, then Bob must take it.
Alice and Bob then trade places for the rest of the process.
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To divvy up the trimmed slice, first Bob cuts
@ the trim into three pieces that are equally ./ A \‘
valuable from his perspective. Smm’ = =)

10 @ O
Now they choose a portion of trim in this order:
Alice first, Charlie second and Bob last / \
It is envy free
...for Alice, because she got her first choice.
...for Charlie, because he got to choose before Bob.
...for Bob, because the three pieces of trim were equal to him.



CAKE CUTTING FOR THREE

Alice, Bob and Charlie want to share a cake \
so that none of them envies other pieces.

@ Charlie cuts the cake into three pieces that !‘, -
|

are equally valuable from his perspective. -

Alice and Bob identify their first choices. ‘, - \
Lessoca
.

If they identify the same choice, things get tricky. -

@ Bob frims his preferred piece to match ‘, !-_
[

his second most preferred piece. -

order: Alice first*, Bob second and Charlie last.

It is envy free -
...for Alice, because she got first choice.
....for Bob, because his second choice was equally valuable.
...for Charlie, because the three original slices were equal to him.

*If Alice doesn’t choose the trimmed piece, then Bob must take it.
Alice and Bob then trade places for the rest of the process.

@ Putting the trim to one side they choose in this , \ Trim

To divvy up the trimmed slice, first Bob cuts
@ the trim into three pieces that are equally ./. \‘ o
S’ \

valuable from his perspective. _—

Now they choose a portion of trim in this order: hﬁ ‘
Alice first, Charlie second and Bob last /A \
It is envy free

...for Alice, because she got her first choice.

...for Charlie, because he got to choose before Bob.

...for Bob, because the three pieces of trim were equal to him.
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