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7UDQVFULEHG�QRWHV
6RPH�H[FHUSWV�WDNHQ�IURP�WKH�WH[W�,QWURGXFWLRQ�WR�$OJRULWKPV�E\
&RUPHQ��/HLVHUVRQ��DQG�5LYHVW�

:KHQ�\RX�VWDUW�RQ�D�ORQJ�MRXUQH\��WUHHV�DUH�WUHHV��ZDWHU�LV�ZDWHU�

DQG�PRXQWDLQV�DUH�PRXQWDLQV��$IWHU�\RX�KDYH�JRQH�VRPH

GLVWDQFH��WUHHV�DUH�QR�ORQJHU�WUHHV��ZDWHU�QR�ORQJHU�ZDWHU�

PRXQWDLQV�QR�ORQJHU�PRXQWDLQV��%XW�DIWHU�\RX�KDYH�WUDYHOHG�D

JUHDW�GLVWDQFH��WUHHV�DUH�RQFH�DJDLQ�WUHHV��ZDWHU�LV�RQFH�DJDLQ

ZDWHU��PRXQWDLQV�DUH�RQFH�DJDLQ�PRXQWDLQV�

��������������������������� ���=HQ�WHDFKLQJ

$QQRXQFHPHQWV
• *LOOLJDQ¶V�,VODQG�5XOH�±�,Q�WKLV�PHWKRG��VWXGHQWV�DUH�IUHH
WR�GLVFXVV�KRPHZRUN�ZLWK�RWKHU�VWXGHQWV��EXW�EHIRUH�WKH\
VLW�GRZQ�WR�ZULWH�LW�XS�WKHPVHOYHV�WKH\�PXVW�GLVFDUG�DOO
QRWHV�IURP�DQ\�GLVFXVVLRQV�DQG�VLW�GRZQ�DQG�ZDWFK�DQ
KRXU�RI�PLQGOHVV�79«��WR�FOHDU�WKHLU�KHDG���7KH�QDPH
FRPHV�IURP�WKH�VXJJHVWLRQ�WKDW�WKH�VKRZ�ZDWFKHG�EH
*LOOLJDQ¶V�,VODQG�

• )LQDO�±�7HQWDWLYH�VFKHGXOH�LV�IRU�7KXUVGD\�'HF����WK�DW
����



/LQHDU�3URJUDPPLQJ
,Q�WKH�JHQHUDO�OLQHDU�SURJUDPPLQJ�SUREOHP��ZH�DUH�JLYHQ�DQ�P�[
Q�PDWUL[�$��DQ�P�YHFWRU�E��DQG�DQ�Q�YHFWRU�F���:H�ZLVK�WR�ILQG�D
YHFWRU�[�RI�Q�HOHPHQWV�WKDW�PD[LPL]HV�WKH�REMHFWLYH�IXQFWLRQ

VXEMHFW�WR�WKH�P�FRQVWUDLQWV�JLYHQ�E\�$[�≤�E�

7KH�SURFHVV�RI�PLQLPL]LQJ�D�OLQHDU�REMHFWLYH�IXQFWLRQ�VXEMHFW�WR�D
ILQLWH�QXPEHU�RI�OLQHDU�HTXDOLW\�DQG�LQHTXDOLW\�FRQVWUDLQWV�
([DPSOH�DSSOLFDWLRQV�

• DLUOLQH�FUHZ�VFKHGXOLQJ
• PDQXIDFWXULQJ�DQG�SURGXFWLRQ�SODQQLQJ
• SRUWIROLR�VHOHFWLRQ
• WHOHFRPPXQLFDWLRQV�QHWZRUN�GHVLJQ

³)HZ�SUREOHPV�VWXGLHG�LQ�FRPSXWHU�VFLHQFH�KDYH�JUHDWHU�DSSOLFDWLRQ
LQ�WKH�UHDO�ZRUOG�´
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)HDVLEOH�6HW
7KH�IHDVLEOH�VHW�LV�GHILQHG�E\�D�VHW�RI�OLQHDU�LQHTXDOLWLHV���,W
LV�WKH�DUHD��VHW�RI�SRLQWV��ZKHUH�DOO�WKHVH�LQHTXDOLWLHV�DUH
VDWLVILHG�
• (DFK�OLQHDU�LQHTXDOLW\�GLYLGHV�Q�GLPHQVLRQDO�VSDFH�LQWR
WZR�KDOIVSDFHV��RQH�ZKHUH�WKH�LQHTXDOLW\�LV�VDWLVILHG��DQG
RQH�ZKHUH�LW¶V�QRW�

• )HDVLEOH�6HW���VROXWLRQV�WR�D�IDPLO\�RI�OLQHDU�LQHTXDOLWLHV�
• )DPLO\�RI�OLQHDU�FRVW�IXQFWLRQV��JLYHV�IDPLO\�RI�SDUDOOHO
K\SHUSODQHV��OLQHV�LQ��'��SODQHV�LQ��'��HWF����:DQW�WR�ILQG
RQH�RI�PLQLPXP�FRVW� !�PXVW�RFFXU�DW�FRUQHU�RI�IHDVLEOH
VHW�

([�
/LQHDU�&RQVWUDLQW�

��[����\�≥��
/LQHDU�REMHFWLYH�IXQFWLRQ�
�[�±��\� �F

:KHUH�F�LV�D�FRQVWDQW���%\�VXEVWLWXWLQJ�LQ�GLIIHUHQW
YDOXHV�IRU�F�ZH�JHW�D�VHW�RI�SDUDOOHO�OLQHV���,Q�WKH
JHQHUDO�Q�GLPHQVLRQDO�FDVH�ZH�JHW�D�VHW�RI�SDUDOOHO
K\SHUSODQHV�
�'�
��[����\�±��]�≥��



$Q�H[DPSOH��7KH�GLHW�SUREOHP
• 7U\LQJ�WR�GHFLGH�RQ�ORZHVW�FRVW�GLHW�WKDW�SURYLGHV�VXIILFLHQW
DPRXQW�RI�SURWHLQ��ZLWK�WZR�FKRLFHV�
• VWHDN����XQLWV�RI�SURWHLQ�SRXQG�����SRXQG
• SHDQXW�EXWWHU����XQLW�RI�SURWHLQ�SRXQG�����SRXQG

• ,Q�SURSHU�GLHW��QHHG���XQLWV�SURWHLQ�GD\�
*RDO���PLQLPL]H���[����\���&RVW
VXEMHFW�WR�FRQVWUDLQWV�
���[����\�! ���±�1HHG�WR�JHW�HQRXJK�SURWHDQ
���[�� ���SRXQGV�SHDQXW�EXWWHU�GD\�LQ�RSWLPDO�GLHW�! �
���\�� ���SRXQGV�VWHDN�GD\�LQ�RSWLPDO�GLHW�! �

+HUH�ZH�FDQ�VHH�WKH�IHDVLEOH�VHW�ERXQGHG�E\�WKH
FRQVWUDLQWV�
[ �SHDQXW�EXWWHU��\� �VWHDN

x+2y=4

y=0

x=0

feasible set



:H�QHHG�WR�ILQG�WKH�PLQLPXP�SRLQW�ZKHUH�WKH�OLQH��[���\� 
F�LQWHUVHFWV�WKH�IHDVLEOH�VHW���:KHUH�F�LV�DQ�DUELWUDU\
FRQVWDQW�

2SWLPDO�YHFWRU�RFFXUV�DW�FRUQHU�RI

IHDVLEOH�VHW�

:H�FDQ�VHH�WKDW�WKH�VROXWLRQ�OLHV�RQ�D�³FRUQHU´�RI�WKH
IHDVLEOH�VHW���:H�FDQ�IXUWKHU�VHH�WKDW�WKH�VROXWLRQ�LV�D�XQLTXH
RQH�DQG�WKDW�LW�RFFXUV�DW�D�ORFDO�PLQLPXP�RI�WKH�IHDVLEOH�VHW�
:H�DUH�QRW�DOZD\V�JXDUDQWHHG�WR�ILQG�D�XQLTXH�VROXWLRQ���,I
WKH�REMHFWLYH�IXQFWLRQ�LQWHUVHFWV�WKH�IHDVLEOH�VHW�LQ�D�OLQH
WKHQ�ZH�FRXOG�KDYH�PXOWLSOH�VROXWLRQV�WKDW�ZRXOG�DOO�\LHOG
WKH�VDPH�YDOXH�RI�WKH�REMHFWLYH�IXQFWLRQ���:H�FRXOG�DOVR�ILQG

x+2y=4

y=0

x=0

feasible set

2x+3y=6
2x+3y=0



WKDW�WKHUH�DUH�QR�VROXWLRQV�LI�WKH�REMHFWLYH�IXQFWLRQ�QHYHU
LQWHUVHFWV�WKH�IHDVLEOH�VHW�

2SWLPDO�YHFWRU�RFFXUV�DW�FRUQHU�RI

IHDVLEOH�VHW�

*LYHQ�WKH�DERYH�IHDVLEOH�VHW�DQG�ZLWK�WKH�LGHD�RI�PD[LPL]LQJ
D[���E\��D[���E\� �F�ZLOO�JLYH�XV�D�VHW�RI�SDUDOOHO�OLQHV�ZKHUH
E�DQG�D�GHWHUPLQH�WKH�VORSH�

y=0

x=0

feasible set



7KH�)HDVLEOH�6HW
• ,QWHUVHFWLRQ�RI�D�VHW�RI�KDOI�VSDFHV��FDOOHG�D�SRO\KHGURQ�
• ,I�LW¶V�ERXQGHG�DQG�QRQHPSW\��LW¶V�D�SRO\WRSH

��FDVHV�

• IHDVLEOH�VHW�LV�HPSW\
• FRVW�IXQFWLRQ�LV�XQERXQGHG�RQ�IHDVLEOH�VHW�
• FRVW�KDV�D�PLQLPXP��RU�PD[LPXP��RQ�IHDVLEOH�VHW�
)LUVW�WZR�FDVHV�YHU\�XQFRPPRQ�IRU�JHQXLQH�SUREOHPV�LQ�HFRQRPLFV
DQG�HQJLQHHULQJ���7KH�IHDVLEOH�VHW�LV�D�FRQYH[�VHW�

*HQHUDO�)RUP�RI�D�/LQHDU�3URJUDP�
0LQLPL]H�E�\����E�\���«��EP\P
VXEMHFW�WR�Σ��� L� P�DLM\L�! �FM �����M ���Q
��������������������������������\L! ���������L ���P

+HUH�ZH�DUH�WU\LQJ�WR�VROYH�IRU�\����\P

RU
0D[LPL]H�F�[����F�[���«��FQ[Q
VXEMHFW�WR�Σ��� M� Q�DLM[M�� �EM �����L ���P
��������������������������������[M! ���������M ���Q

(DV\�WR�GHDO�ZLWK�DQ\�OLQHDU

LQHTXDOLWLHV�HTXDOLWLHV�
• \�QRW�FRQVWUDLQHG�WR�EH�SRVLWLYH� !
������UHSODFH�\�E\��\����\� ���DQG���\����\�! ��

• Σ��� L� P�DLM\L�� �FM��� !�PXOWLSO\�E\�����
• Σ��� L� P�DLM\L� �FM  !�UHSODFH�ZLWK
   Σ��� L� P�DLM\L�! �FM �DQG� Σ��� L� P��DLM\L�! ��FM



7KH�6LPSOH[�0HWKRG
7KH�VLPSOH[�PHWKRG�LV�RQH�RI�WKH�EHVW�PHWKRGV�WR�VROYH�/3
SUREOHPV�
• 3KDVH�,����ORFDWH�D�FRUQHU�RI�WKH�IHDVLEOH�VHW�

FRUQHU� �LQWHUVHFWLRQ�RI�Q�GLIIHUHQW�SODQHV��LQ�Q�GLPHQVLRQV�
�'�±�LQWHUVHFWLRQ�RI�WZR�OLQHV
�'�±�LQWHUVHFWLRQ�RI�WKUHH�SODQHV

• 3KDVH�,,���PRYH�IURP�FRUQHU�WR�FRUQHU�DORQJ�WKH�HGJHV�RI�WKH
IHDVLEOH�VHW����DOZD\V�JR�DORQJ�DQ�HGJH��WKDW�LV�JXDUDQWHHG�WR
GHFUHDVH�WKH�FRVW�

(GJH� �LQWHUVHFWLRQ�RI�Q���GLIIHUHQW�SODQHV

• :KHQ�UHDFK�D�ORFDO�PLQLPXP��PD[LPXP���\RX¶YH�IRXQG�WKH
RSWLPXP���:KHQ�\RX�DUH�WU\LQJ�WR�PLQLPL]H�WKH�REMHFWLYH�IXQFWLRQ�
VWRS�ZKHQ�\RX�DUH�QR�ORQJHU�DEOH�WR�PRYH�WR�DQ�DGMDFHQW�FRUQHU
WKDW�ZLOO�ORZHU�WKH�FRVW�

6LPSOH[�$OJRULWKP��$Q�([DPSOH
0D[LPL]H��[����\����]
VXEMHFW�WR���[���\���]�� ��
�����������������[���\����]�� ���
�����������������[����\����]�� ��
����������������[�\�]�! ��
6WHS����FRQYHUW�LQHTXDOLWLHV�LQWR�HTXDOLWLHV�E\�LQWURGXFLQJ�VODFN�YDULDEOHV�D�E�F�
'HILQH�����D� ����[��\�]��������� !�D�! �
��������������E� �����[�\��]������� !�E�! �
��������������F� �����[��\��]������ !�F��! �
��������������)� ��[��\����]����REMHFWLYH�IXQFWLRQ

7KH�WULFN�LV�WKDW�ZH�VWDUW�ZLWK�[��\��]�GHWHUPLQHG�DQG�D��E��DQG�F�XQGHWHUPLQHG
DQG�WKHQ�³SLYRW´�VR�WKDW�RQH�RI�[��\��]�EHFRPHV�XQGHWHUPLQHG�DQG�RQH�RI�D��E�
DQG�F�EHFRPHV�GHWHUPLQHG�

6WHS����)LQG�LQLWLDO�IHDVLEOH�VROXWLRQ�
[ ��\ ��] ����� !�����D ���E ����F ��� !�) ��
6WHS����)LQG�IHDVLEOH�VROXWLRQ�ZLWK�KLJKHU�YDOXH�RI�)
)RU�H[DPSOH��FDQ�LQFUHDVH�[��WR�JHW�) �[�



:H�LQFUHDVH�[�EHFDXVH�LQFUHDVLQJ�LW�ZLOO�FDXVH�WKH�YDOXH�RI�WKH
REMHFWLYH�IXQFWLRQ�WR�JURZ�PRVW�TXLFNO\�

+RZ�PXFK�FDQ�ZH�LQFUHDVH�["
����������D� ����[��\�]�! ����� !�����[�� ���������PRVW�VWULQJHQW
����������E� �����[�\��]�! ���� !�����[�� �����
����������F� �����[��\��]�! ��� !�����[�� ����

Ö LQFUHDVH�[�WR����� !) ��������D ���E ���F ���

:DQW�WR�NHHS�GRLQJ�WKLV��QHHG�WR�JHW�EDFN�LQWR�VWDWH�ZKHUH�[�E�F�RQ
O�K�V��RI�HTXDWLRQV�

D� ����[��\�]�� !�����[ �����������\������]��������D�����

6XEVWLWXWLQJ����LQWR�RWKHU�HTXDWLRQV�
����������E� �����[�\��]�! ���� !��E� ������\����D
����������F� �����[��\��]�! ��� !��F� �����������\������]�������D
����������)� ��[��\����]��������� !��) ������������\�������]�������D

,Q�RUGHU�WR�LQFUHDVH�)�DJDLQ��VKRXOG�LQFUHDVH"
:H�FDQ�VHH�WKDW�VLQFH�DOO�RI�WKH�FRHIILFLHQWV�RI�WKH�RWKHU�WHUPV�DUH�QHJDWLYH�WKH
RQO\�ZD\�WR�LQFUHDVH�WKH�YDOXH�RI�WKH�REMHFWLYH�IXQFWLRQ�LV�WR�LQFUHDVH�=�

+RZ�PXFK�FDQ�ZH�LQFUHDVH�]"
[ �����������\������]��������D����� !�]�� ��
E� ������\����D����������������������� !�QR�UHVWULFWLRQ
F� �����������\������]�������D��� !�]�� ����PRVW�VWULQJHQW��A�

6HWWLQJ�]� ���\LHOGV
[ ���\ ���] ���D ���E� ����F� ���
) ������������\�������]�������D���� !��) ����

$JDLQ��FRQVWUXFW�V\VWHP�RI�HTXDWLRQV�
)URP��A������]� �����\����D����F�

6XEVWLWXWLQJ�EDFN�LQWR�RWKHU�HTXDWLRQV�
�]� �����\����D����F�
�[ �����������\������]��������D������� !�[� ����\��D���F
�E� ������\����D������������������������� !�E �������\����D
�)� ������������\�������]�������D��� !�)� �������\��D���F

$W�WKLV�SRLQW�ZH�QRWLFH�WKDW�WKH�YDOXH�RI�WKH�REMHFWLYH�IXQFWLRQ�LV������/RRNLQJ�DW
WKH�REMHFWLYH�IXQFWLRQ�LQ�WHUPV�RI�\��D��DQG�F�ZH�QRWLFH�WKDW�WKH�YDOXH�ZLOO�QHYHU



EH�JUHDWHU�WKDQ������7KLV�LV�WUXH�EHFDXVH�\��D��DQG�F�ZLOO�DOZD\V�EH�QRQ�QHJDWLYH�
6LQFH�WKH�YDOXH�RI�WKH�REMHFWLYH�IXQFWLRQ�DW�WKH�FXUUHQW�FRUQHU�LV����ZH�DUH
ILQLVKHG�

:KDW�ZHUH�ZH�GRLQJ"
• (DFK�WLPH�ZH�KDG�D�IHDVLEOH�VROXWLRQ�ZH�ZHUH�DW�D�FRUQHU�  �D
PHHWLQJ�SRLQW�RI���GLIIHUHQW�SODQHV���:H�FKRVH���YDULDEOHV�DQG�VHW
WKHP�WR����DQG�PDGH�VXUH�UHPDLQLQJ�FRQVWUDLQWV�ZHUH�VDWLVILHG�

• 7KHQ�ZH�PRYHG�DORQJ�DQ�HGJH�  �D�PHHWLQJ�SRLQW�RI���GLIIHUHQW
SODQHV�REWDLQHG�IURP�FRUQHU�E\�UHPRYLQJ�RQH�HTXDWLRQ��0RYHG
DORQJ�DVVRFLDWHG�HGJH�XQWLO�DUULYHG�DW�D�QHZ�FRUQHU�

7KH�6LPSOH[�$OJRULWKP�DQG�EH\RQG«�
• ,Q�SUDFWLFH��TXLWH�IDVW����W\SLFDOO\�RQO\�2�P��SLYRWV��ZKHUH�P�LV
WKH�QXPEHU�RI�FRQVWUDLQWV�

• ,Q�ZRUVW�FDVH��H[SRQHQWLDO�
7KLV�FDQ�JHW�YHU\�VORZ�GHSHQGLQJ�RQ�WKH�QXPEHU�RI�FRUQHUV�LQ�WKH
IHDVLEOH�VHW�
Q�±�QXPEHU�RI�YDULDEOHV
P�±�QXPEHU�RI�FRQVWUDLQWV
7KH�QXPEHU�RI�FRUQHUV�LV�

:KLFK�LV�DSSUR[LPDWHO\�QP�ZKLFK�LV�H[SRQHQWLDO�

• )RU�D�ORQJ�WLPH��LW�ZDVQ¶W�NQRZQ�LI�WKHUH�ZDV�D�SRO\QRPLDO�WLPH
DOJRULWKP�XQWLO«�

• .KDFKLDQ¶V�DOJRULWKP�³7KH�0DWKHPDWLFDO�6SXWQLN�RI�����´
H[WHULRU�SRLQW�PHWKRG�±�:RUVW�FDVH�LV�EHWWHU�EXW�SUDFWLFDOO\�LW�LV�VORZHU�

• $QG�WKHQ�WKHUH�ZDV�.DUPDNDU�������«
LQWHULRU�SRLQW�PHWKRG�±�6WDUWV�LQVLGH�WKH�IHDVLEOH�VHW�DQG�ZRUNV�RXW�
FRPSHWHV�YLDEO\�ZLWK�VLPSOH[�DOJRULWKP�RQ�UHDO�ZRUOG�SUREOHPV�

( )mn
n

+



'XDOLW\�7KHRUHP���$�&HQWUDO�5HVXOW�RI�/3�7KHRU\
• (YHU\�OLQHDU�SURJUDP�KDV�D�GXDO
7KH�GXDO�SUREOHP�LV�WKH�RSSRVLWH�RI�WKH�SULPDO�SUREOHP�
7KH�GXDO�RI�WKH�GXDO�LV�WKH�SULPDO�

• ,I�WKH�RULJLQDO�LV�D�PLQLPL]DWLRQ��WKH�GXDO�LV�D�PD[LPL]DWLRQ�DQG
YLFH�YHUVD

• 6ROXWLRQ�RI�RQH�OHDGV�WR�VROXWLRQ�RI�RWKHU
3ULPDO���0LQLPL]H��F[��VXEMHFW�WR�$[�! �E���[! �
'XDO���0D[LPL]H��\E��VXEMHFW�WR�\$�� F���\! �

,I�RQH�KDV�RSWLPDO�VROXWLRQ�VR�GRHV�RWKHU��DQG�WKHLU�YDOXHV
DUH�WKH�VDPH�

3ULPDO��0LQLPL]H��F[��VXEMHFW�WR�$[�! �E���[! �

'XDO��0D[LPL]H��\E��VXEMHFW�WR�\$�� F���\! �

• ,Q�WKH�SULPDO��F�LQ�FRVW�IXQFWLRQ�DQG�E�ZDV�LQ�WKH�FRQVWUDLQW��,Q
WKH�GXDO��UHYHUVHG�

• ,QHTXDOLW\�VLJQ�LV�FKDQJHG�DQG�PLQLPL]DWLRQ�WXUQV�WR�PD[LPL]DWLRQ�
• ([DPSOH��PLQLPL]H��[����\�VXEMHFW�WR
�����[��\! �����[����\�! ����[����\�! �����[! ���\! �
• 'XDO�SUREOHP��PD[LPL]H�����S��T����U����VXEMHFW�WR
����S��T���U�� �����S��T���U�� �����S�T�U�! �

,Q�YHFWRU�IRUP�
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6LPSOH�([DPSOH
• 'LHW�SUREOHP���PLQLPL]H��[����\�VXEMHFW�WR
�������������������������������������[��\! ����[! ���\! �
• 'XDO�SUREOHP��PD[LPL]H�����S�����VXEMHFW�WR
�������������������������������������S� ����S�� ���S! �
• 'XDO��WKH�SUREOHP�IDFHG�E\�D�GUXJJLVW�ZKR�VHOOV�V\QWKHWLF�SURWHLQ��WU\LQJ�WR

FRPSHWH�ZLWK�SHDQXW�EXWWHU�DQG�VWHDN
• +H�ZDQWV�WR�PD[LPL]H�WKH�SULFH�S��VXEMHFW�WR�FRQVWUDLQWV�

V\QWKHWLF SURWHLQ PXVW QRW FRVW PRUH WKDQ SURWHLQ

SULFH PXVW EH QRQ�QHJDWLYH RU KH ZRQ¶W VHOO DQ\

UHYHQXH WR GUXJJLVW ZLOO EH �S

• 6ROXWLRQ���S� ������ !��REMHFWLYH�IXQFWLRQ� ��S� ��
• 1RW�FRLQFLGHQFH�WKDW�LW¶V� �PLQLPDO�FRVW�LQ�RULJLQDO�SUREOHP�

6WDUW�ZLWK�

7KH�'XDO�LV�
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0RUH�JHQHUDO�GLHW�SUREOHP��1RW�VWUHVVHG�LQ�FODVV�
0LQLPXP SUREOHP KDV Q XQNQRZQV� Q IRRGV WR EH HDWHQ LQ DPRXQWV [��« � [Q
P FRQVWUDLQWV UHSUHVHQW P UHTXLUHG YLWDPLQV

• HQWU\ DLM LV DPRXQW RI L�WK YLWDPLQ LQ M�WK IRRG�

• L�WK URZ RI $[ ! E IRUFHV WKH GLHW WR LQFOXGH WKDW YLWDPLQ LQ DW OHDVW WKH DPRXQW EL�

• F�[� � «� � FQ[Q  FRVW RI GLHW �FM LV FRVW RI M�WK IRRG��

'XDO �� GUXJJLVW VHOOLQJ YLWDPLQ SLOOV UDWKHU WKDQ IRRG�

• 3ULFHV DGMXVWDEOH DV ORQJ DV QRQQHJDWLYH�

• .H\ FRQVWUDLQW �� RQ HDFK IRRG FDQ¶W FKDUJH PRUH WKDQ JURFHU�

• 6LQFH IRRG M FRQWDLQV YLWDPLQV LQ DPRXQW DLM � WKH GUXJJLVW¶V SULFH IRU WKH HTXLYDOHQW LQ

YLWDPLQV FDQ¶W H[FHHG FM  ! \$ � F�

• &DQ WKHQ VHOO DPRXQW EL RI HDFK YLWDPLQ IRU D WRWDO LQFRPH RI \�E����� \PEP

([DPSOH
0LQLPL]H F�VW� [�VW� � F�SE� [�SE� VXEMHFW WR

• SURW�VW� [�VW� � SURW�SE� [�SE� ! T�SURW�

• FDUER�VW� [�VW� � FDUER�SE� [�SE� ! T�FDUER�

• [�VW�� [�SE� ! �

• F�Q�  SHU XQLW FRVW RI IRRG Q� [�Q� TXDQWLW\ RI IRRG Q WR SXUFKDVH SHU GD\� SURW�Q�  XQLWV

SURWHLQ SHU XQLW RI IRRG Q� FDUER �Q�  XQLWV FDUER SHU XQLW Q T�SURW�  SURWHLQ XQLWV SHU GD\
QHHGHG� T�FDUER�  FDUER XQLWV SHU GD\

'XDO �� GUXJJLVW VHOOLQJ V\QWKHWLF SURWHLQ DQG FDUERK\GUDWH SLOOV
PD[LPL]H T�SURW� \�V�SURW� � T�FDUER� \�V�FDUER� VXEMHFW WR

• \�V�SURW� SURW�VW� � \�V�FDUER� FDUER�VW� � F�VW�

• \�V�SURW� SURW�SE� � \�V�FDUER� FDUER�SE� � F�SE�

• \�V�SURW�� \�V�FDUER� ! �

• &DQ WKHQ VHOO DPRXQW T�SURW� RI SURWHLQ SHU GD\ DQG T�FDUER� RI FDUER SHU GD\�

:KDW·V�JRLQJ�RQ"
• 1RWLFH��IHDVLEOH�VHWV�FRPSOHWHO\�GLIIHUHQW�IRU�SULPDO�DQG�GXDO��EXW�QRQHWKHOHVV

DQ�LPSRUWDQW�UHODWLRQ�EHWZHHQ�WKHP�
• 'XDOLW\�WKHRUHP�VD\V�WKDW�LQ�WKH�FRPSHWLWLRQ�EHWZHHQ�WKH�JURFHU�DQG�WKH

GUXJJLVW�WKH�UHVXOW�LV�DOZD\V�D�WLH�
• 2SWLPDO�VROXWLRQ�WR�SULPDO�WHOOV�SXUFKDVHU�ZKDW�WR�GR�
• 2SWLPDO�VROXWLRQ�WR�GXDO�IL[HV�WKH�QDWXUDO�SULFHV�DW�ZKLFK�HFRQRP\�VKRXOG�UXQ�
• 7KH�GLHW�[�DQG�YLWDPLQ�SULFHV�\�DUH�RSWLPDO�ZKHQ

JURFHU VHOOV ]HUR RI DQ\ IRRG WKDW LV SULFHG DERYH LWV YLWDPLQ HTXLYDOHQW�

GUXJJLVW FKDUJHV � IRU DQ\ YLWDPLQ WKDW LV RYHUVXSSOLHG LQ WKH GLHW�



'XDOLW\�7KHRUHP
• 'UXJJLVW¶V�PD[�UHYHQXH� �3XUFKDVHUV�PLQ�FRVW

2QH�GLUHFWLRQ�RI�GXDOLW\�HDV\���IRU�DQ\�IHDVLEOH�[��\�

T�SURW� \�V�SURW� � T�FDUER� \�V�FDUER� � [�VW� F�VW� � [�SE� F�SE�

6LQFH HDFK IRRG FDQ EH UHSODFHG E\ LWV YLWDPLQ HTXLYDOHQW� ZLWK QR LQFUHDVH LQ FRVW� DOO DGHTXDWH

GLHWV PXVW EH DW OHDVW DV H[SHQVLYH DV DQ\ SULFH WKH GUXJJLVW ZRXOG FKDUJH�

)RU�>[�VW���[�SE�@�DQG

>\�V�SURW���\�V�FDUER�@�IHDVLEOH� !
>SURW�VW� [�VW� � SURW�SE� [�SE�@ \�V�SURW� ! T�SURW� \�V�SURW�

>FDUER�VW� [�VW� � FDUER�SE� [�SE�@ \�V�FDUE� ! T�FDUER� \�V�FDUE�

6XP WZR LQHTXDOLWLHV  !

T�SURW� \�V�SURW� � T�FDUER� \�V�FDUER� � 

>SURW�VW� [�VW� � SURW�SE� [�SE�@ \�V�SURW� �
>FDUER�VW� [�VW� � FDUER�SE� [�SE�@ \�V�FDUER�

 [�VW� >\�V�SURW� SURW�VW� � \�V�FDUER� FDUER�VW� @ �
[�SE� >\�V�SURW� SURW�SE� � \�V�FDUER� FDUER�SE�@

� [�VW� F�VW� � [�SE� F�SE�

:KHQ WKH\ DUH HTXDO� WKH\ ERWK PXVW EH RSWLPDO�

3UDFWLFDO�8VH�RI�'XDOLW\
• 6RPHWLPHV�VLPSOH[�DOJRULWKP��RU�RWKHU�DOJRULWKPV��ZLOO
UXQ�IDVWHU�RQ�WKH�GXDO�WKDQ�RQ�WKH�SULPDO�

You can solve either the primal problem or the dual and it will give
you the same solution.  Sometimes it is easier to solve the dual.
• &DQ�EH�XVHG�WR�ERXQG�KRZ�IDU�\RX�DUH�IURP�RSWLPDO
VROXWLRQ�

• ,PSRUWDQW�LPSOLFDWLRQV�IRU�HFRQRPLVWV�
7KH�GXDO�RI�WKH�0D[�)ORZ�SUREOHP�LV�WKH�0LQLPXP�&XW�



$SSOLFDWLRQ�

2SWLPDO�3LSHOLQH
• $�SLHFH�RI�GDWD�RI�VL]H�'�JRHV�WKURXJK�D�SLSHOLQH�RI�Q
VWDJHV�

• (DFK�VWDJH�KDV�DVVRFLDWHG
RL����RYHUKHDG�RI�L�WK�VWDJH
EL����EDQGZLGWK�RI�L�WK�VWDJH��ELWV�VHF�

• +RZ�VKRXOG�GDWD�EH�EURNHQ�XS�LQWR�N�SLHFHV��QRW
QHFHVVDULO\�RI�HTXDO�VL]H��VR�DV�WR�PLQLPL]H�WLPH�WKURXJK
WKH�SLSHOLQH"

+HUH�LV�D�VWDUW�RQ�WKLV�SUREOHP�

9DULDEOHV�
6�«��6N

&RQVWUDLQWV�

WNQ �7LPH�N
WK SDFNHW�H[LWV�WKH�QWK VWDWH�

0LQLPL]H�WNQ

'DWD 6� 6� 6Q

∑
=

=
k

i
i DS
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6XPPDU\�RI�/LQHDU�3URJUDPPLQJ
• 2I�JUHDW�SUDFWLFDO�LPSRUWDQFH�WR�VROYH�OLQHDU�SURJUDPV�

WKH\�PRGHO�LPSRUWDQW�SUDFWLFDO�SUREOHPV
SURGXFWLRQ� DSSUR[LPDWLQJ WKH VROXWLRQ RI LQFRQVLVWHQW HTXDWLRQV� PDQXIDFWXULQJ�
QHWZRUN GHVLJQ� IORZ FRQWURO� UHVRXUFH DOORFDWLRQ�

VROYLQJ�DQ�/3�LV�RIWHQ�DQ�LPSRUWDQW�FRPSRQHQW�RI�VROYLQJ�RU�DSSUR[LPDWLQJ
WKH�VROXWLRQ�WR�DQ�LQWHJHU�OLQHDU�SURJUDPPLQJ�SUREOHP�

• 7KH�VLPSOH[�DOJRULWKP�ZRUNV�YHU\�ZHOO�LQ�SUDFWLFH�
• 2QH�SUREOHP�ZKHUH�\RX�UHDOO\�GR�QRW�ZDQW�WR�UROO�\RXU�RZQ�FRGH�



13�&RPSOHWH
• &RUPHQ��/HLVHUVRQ��5LYHVW��&KDSWHU���
• 13�&RPSOHWHQHVV�*DU\�	�-RKQVRQ

13�VWDQGV�IRU�1RQ�GHWHUPLQLVWLF�3RO\QRPLDO
$OO�RI�WKH�SUREOHPV�ZH�KDYH�ORRNHG�DW�VR�IDU�FDQ�EH�FRPSOHWHG�LQ
SRO\QRPLDO�WLPH�RQ�WKH�VL]H�RI�WKH�LQSXWV���([��VKRUWHVW�SDWK�RU�PD[
IORZ���7KHVH�FODVV�RI�SUREOHPV�KDYH�D�ZRUVW�FDVH�UXQQLQJ�WLPH�RI
2�QN���IRU�VRPH�FRQVWDQW�N���7KHUH�DUH�KRZHYHU�D�FODVV�RI�SUREOHPV
FDOOHG�13�&RPSOHWH�WKDW�FDQQRW�EH�VROYHG�LQ�SRO\QRPLDO�WLPH�

(DV\�YV��+DUG�3UREOHPV
• 7KH�VWDQGDUG�GHILQLWLRQ�RI�D�WUDFWDEOH�SUREOHP�LV�RQH�WKDW�FDQ�EH�VROYHG�LQ

WLPH�WKDW�LV�SRO\QRPLDO�LQ�WKH�VL]H�RI�WKH�LQSXW��:K\"
7UDFWDEOH�±�UHDVRQDEO\�HIILFLHQW
• 9HU\ IHZ SUDFWLFDO SUREOHPV UHTXLUH WLPH ZKLFK LV KLJK�GHJUHH SRO\QRPLDO

L�H� Θ�Q����

• HTXLYDOHQW RQ GLIIHUHQW PRGHOV RI FRPSXWDWLRQ ± :KDW LV SRO\QRPLDO WLPH RQ RQH PDFKLQH
�3&� ZLOO EH SRO\QRPLDO WLPH RQ DQRWKHU �0$&�

• QLFH FORVXUH SURSHUWLHV ± ,I WKH RXWSXW RI RQH SRO\QRPLDO�WLPH SUREOHP LV IHG LQWR WKH

LQSXW RI DQRWKHU WKH ZKROH SUREOHP WRJHWKHU LV D SRO\QRPLDO�WLPH SUREOHP�

• 7KLV�FODVV�RI�SUREOHPV�FDOOHG�3�
• 13����FODVV�RI�SUREOHPV�ZKRVH�VROXWLRQ�FDQ�EH�YHULILHG�LQ�SRO\QRPLDO�WLPH�

)UDPHG�DV�³GHFLVLRQ�SUREOHPV´�
• 0DQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\�PDQ\
LPSRUWDQW�SUREOHPV�DUH�LQ�13��LQ�IDFW��13�FRPSOHWH��

+DUGHVW�SUREOHPV�LQ�13�DUH�13�

FRPSOHWH
• 3URYDEO\�13�FRPSOHWH�SUREOHPV���
���,I�DQ\�RQH�FDQ�EH�VROYHG�LQ�SRO\QRPLDO�WLPH��WKHQ�DOO�RI
WKHP�FDQ�

• 5LJKW�QRZ��QR�NQRZQ�HIILFLHQW�DOJRULWKP�NQRZQ���%LJJHVW
RSHQ�SUREOHP�LQ�&6�

��������������������3� �13"�±�&DQ�13�&RPSOHWH�SUREOHPV�EH
VROYHG�LQ�SRO\QRPLDO�WLPH"

• +HXULVWLFV�DSSUR[LPDWLRQ�DOJRULWKPV�W\SLFDOO\�XVHG�



6RPHWLPHV�VROYHG�H[DFWO\�WRR����GHSHQGV�RQ�WKH
DSSOLFDWLRQ�DUHD�

([DPSOHV�RI�13�&RPSOHWH�3UREOHPV

0RVW�QRWRULRXV�KDUG�JUDSK�SUREOHP

• 7UDYHOLQJ�6DOHVPDQ�3UREOHP
• ,QSXW�GHVFULSWLRQ��$�ZHLJKWHG�JUDSK�*
• 2XWSXW�GHVFULSWLRQ��)LQG�WKH�F\FOH�RI�PLQLPXP�FRVW�WKDW�YLVLWV
HDFK�RI�WKH�YHUWLFHV�H[DFWO\�RQFH�

• ([DPSOH��RSWLPL]DWLRQ�RI�WRRO�SDWK�IRU�PDQXIDFWXULQJ�HTXLSPHQW�
(�J���URERW�DUP�DVVLJQHG�WR�VROGHU�DOO�FRQQHFWLRQV�RQ�SULQWHG
FLUFXLW�ERDUG�

3UREOHP�

*LYHQ�Q�FLWLHV�
*LYHQ�WKH�GLVWDQFH�EHWZHHQ�FLWLHV�
9LVLW�HYHU\�FLW\�RQFH�
0LQLPL]H�GLVWDQFH�WUDYHOHG�

3DWK�PLJKW�EH�

'HFLVLRQ�3UREOHP�
,V�WKHUH�D�WRXU�RI�DW�PRVW�OHQJWK�≤�/



&OLTXH
• ,QSXW�GHVFULSWLRQ��$�JUDSK�* �9�(�
• 3UREOHP�GHVFULSWLRQ��:KDW�LV�WKH�ODUJHVW�VXEVHW�6�RI�9
VXFK�WKDW�IRU�DOO�[�\�LQ�6����[�\��LQ�(�

• ([DPSOH�
���,56�GHWHFWLRQ�RI�RUJDQL]HG�WD[�IUDXG��*UDSK�KDV�YHUWLFHV
FRUUHVSRQGLQJ�WR�VXEPLWWHG�WD[�IRUPV��DQG�HGJHV�EHWZHHQ�SDLUV
WKDW�DUH�VXVSLFLRXVO\�VLPLODU�

3UREOHP�
)LQG�DOO�YHUWLFHV�WKDW�DUH�FRQQHFWHG�



,QGHSHQGHQW�6HW
• ,QSXW�GHVFULSWLRQ��$�JUDSK�* �9�(�
• 3UREOHP�GHVFULSWLRQ��:KDW�LV�WKH�ODUJHVW�VXEVHW�6�RI�9
VXFK�WKDW�QR�SDLU�RI�YHUWLFHV�LQ�6�KDV�DQ�HGJH�EHWZHHQ
WKHP�

• ([DPSOH�
• ,GHQWLI\LQJ�ORFDWLRQ�IRU�D�QHZ�IUDQFKLVH�VHUYLFH�VXFK�WKDW�QR�WZR�ORFDWLRQV

DUH�FORVH�HQRXJK�WR�FRPSHWH�ZLWK�HDFK�RWKHU�

• +LJKHVW�FDSDFLW\�FRGH�IRU�JLYHQ�FRPPXQLFDWLRQ�FKDQQHO�

3UREOHP�
)LQG�WKH�ODUJHVW�VHW�ZKHUH�QR�SDLU�LV�FRQQHFWHG�E\�DQ�HGJH�



+DPLOWRQLDQ�&\FOH
• ,QSXW�GHVFULSWLRQ��$�JUDSK�* �9�(�
• 3UREOHP�GHVFULSWLRQ��)LQG�DQ�RUGHULQJ�RI�WKH�YHUWLFHV�VXFK
WKDW�DGMDFHQW�YHUWLFHV�DUH�FRQQHFWHG�E\�DQ�HGJH�DQG�HDFK
YHUWH[�LV�YLVLWHG�H[DFWO\�RQFH�

• ([DPSOH�
���3DWWHUQ�UHFRJQLWLRQ����ORQJHVW�SDWK�LQ�JUDSK�
���7ULDQJOH�VWULS�SUREOHP�

/DVW�SUREOHP�RQ�+RPHZRUN���
'HFLVLRQ�3UREOHP�
,V�WKHUH�D�WULDQJOH�VWULS�WKDW�FRQWDLQV�DOO�WULDQJOHV"

*UDSK�3DUWLWLRQ
• ,QSXW�GHVFULSWLRQ��$�ZHLJKWHG�JUDSK�* �9�(��DQG�LQWHJHUV� M�N
• 3UREOHP�GHVFULSWLRQ��3DUWLWLRQ�YHUWLFHV�LQWR�WZR�VXEVHWV�VXFK
WKDW�HDFK�VXEVHW�KDV�VL]H�DW�PRVW�M��DQG�WKH�ZHLJKW�RI�HGJHV
FRQQHFWLQJ�WKH�WZR�VXEVHWV�LV�DW�PRVW�N�

• ([DPSOH�
���9/6,�OD\RXW

([���0LQLPL]H�WKH�QXPEHU�RI�ZLUHV�FURVV�WKH�PLGGOH�RI�D�FLUFXLW�



9HUWH[�&RORULQJ
• ,QSXW�GHVFULSWLRQ��$�JUDSK�* �9�(�
• 3UREOHP�GHVFULSWLRQ��&RORU�YHUWLFHV�XVLQJ�WKH�PLQLPXP�QXPEHU
RI�FRORUV�VXFK�WKDW�IRU�HDFK�HGJH�� L�M��LQ�(��YHUWLFHV�L�DQG�M�KDYH
GLIIHUHQW�FRORUV

• ([DPSOH�
���5HJLVWHU�DOORFDWLRQ�IRU�FRPSLOHUV��±� $VVLJQ�D�FRORU�WR�HDFK�YDULDEOH
LQ�D�SURJUDP���1R�WZR�YDULDEOHV�WKDW�DUH�DOLYH�DW�WKH�VDPH�WLPH�FDQ
KDYH�WKH�VDPH�FRORU�

'HFLVLRQ�3UREOHP�
,V�WKHUH�D�FRORULQJ�ZLWK���U�FRORUV



6WHLQHU�7UHH
• ,QSXW�GHVFULSWLRQ��$�JUDSK�* �9�(��DQG�D�VXEVHW�7�RI�WKH
YHUWLFHV�9

• 3UREOHP�GHVFULSWLRQ��)LQG�VPDOOHVW�WUHH�FRQQHFWLQJ�DOO�WKH
YHUWLFHV�RI�7

• ([DPSOH�
���1HWZRUN�GHVLJQ�DQG�ZLULQJ�OD\RXW�

3UREOHP�

)LQG�WKH�VPDOOHVW�ZHLJKW�WUHH�WKDW�FRQQHFWV�D�VXEVHW�RI�WKH�YHUWLFHV�
:H�DUH�RQO\�JLYHQ�D�VXEVHW�RI�WKH�YHUWLFHV�VR�WKLV�LV�QRW�WKH�VDPH�DV
D�067�

,QWHJHU�/LQHDU�3URJUDPPLQJ
• ,QSXW�GHVFULSWLRQ��$�OLQHDU�IXQFWLRQDO�F[��D�VHW�RI�OLQHDU
FRQVWUDLQWV�$[�! �E�DQG�D�VHW�RI�QRQ�QHJDWLYH�YDULDEOHV�[�WKDW
FDQ�WDNH�RQ�RQO\�LQWHJHU�YDOXHV��VD\���RU���

• 3UREOHP�GHVFULSWLRQ��)LQG�LQWHJHU�YDOXHV�IRU�WKH�YDULDEOHV�[�WKDW
PLQLPL]HV�WKH�OLQHDU�IXQFWLRQDO� F[�VXEMHFW�WR�WKH�OLQHDU�FRQVWUDLQWV�

• ([DPSOH��DEVROXWHO\�HYHU\WKLQJ



6DWLVILDELOLW\
7KLV�LV�WKH�PRVW�LPSRUWDQW�13�&RPSOHWH�SUREOHP�

• ,QSXW�GHVFULSWLRQ��*LYHQ�D�%RROHDQ�IRUPXOD�LQ�FRQMXQFWLYH
QRUPDO�IRUP

• 3UREOHP�GHVFULSWLRQ��)LQG�D�WUXWK�DVVLJQPHQW�IRU�WKH� YDULDEOHV
WKDW�FDXVHV�WKH�IRUPXOD�WR�HYDOXDWH�WR���

• ([DPSOH��GLJLWDO�GHVLJQ��KDUGZDUH�WHVWLQJ �«�

+RZ�\RX�SURYH�D�SUREOHP�3�LV�13�

FRPSOHWH�
���3URYH�LW¶V�LQ�13�±�6KRZ�JLYHQ�D�VROXWLRQ�LW�FDQ�EH�YHULILHG
LQ�SRO\QRPLDO�WLPH�

���6HOHFW�D�NQRZQ�13�FRPSOHWH�SUREOHP�3¶�
���'HVFULEH�D�SRO\QRPLDO�WLPH�FRPSXWDEOH�DOJRULWKP�WKDW
FRPSXWHV�D�IXQFWLRQ�I�PDSSLQJ�HYHU\�LQVWDQFH�RI�3¶�WR�DQ
LQVWDQFH�RI�3�

���3URYH�WKDW�IRU�HYHU\�\HV�LQVWDQFH�RI�3¶�PDSV�WR�D�\HV�
LQVWDQFH�RI�3��DQG�HYHU\�QR�LQVWDQFH�RI�3¶�PDSV�WR�D�QR�
LQVWDQFH�RI�3�

&DOOHG�D�UHGXFWLRQ��±�0DS�3¶�WR�3



([DPSOH��6KRZLQJ�,QGHSHQGHQW�6HW�LV

13�FRPSOHWH�

$Q�LQGHSHQGHQW�VHW�LV�D�VHW�RI�YHUWLFHV�LQ�JUDSK�*�WKDW�HYHU\
SDLU�RI�YHUWLFHV�LQ�*�LV�GLVWLQFW�

'HFLVLRQ�3UREOHP���*LYHQ�*��N���,V�WKHUH�D�VHW�RI�YHUWLFHV�RI
VL]H�≥�N�VXFK�WKDW�HYHU\�SDLU�RI�YHUWLFHV�LQ�WKH�VHW�LV�GLVWLQFW �

0DS�WKLV�SUREOHP�WR�D�NQRZQ�13�SUREOHP�

0DS�WKLV�SUREOHP�WR�D�&OLTXH�

$�PDSSLQJ�WKDW�ZRXOG�ZRUN�LV�WR�WDNH�*�DQG�HYHU\�ZKHUH
WKHUH�LV�DQ�HGJH�LQ�*�WKHUH�ZRXOG�EH�QR�HGJH�LQ� *F�DQG�YLFH
YHUVD�

���* �*F

,QVWDQFHV�RI
&OLTXH

0DSSLQJ ,QVWDQFHV�RI
,QGHSHQGHQW�6HW

N

&OLTXH�VL]H�N

N

,QGHSHQGHQW
VHW�VL]H�N


