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vi=n]|op|Axt).e e:=v]|ifeee|x|eel|letx=eine
t:=num|bool|[t—t|[t]|txt

'tz:I'(x) (VAR)
't n:num (NUM)
' e, : bool ke :T 'kef:m
. (1IF)
'k (feceref): T
'ke:ry Fx:mp.bey:T
. (LET)
CH(letz=einey): T
Fz:m,Fe: T
. . (A)
' (Az:71g.€) 7 =T
F'kherimqg—=T 'Feg:Tq (APP)

L'k (efeq): T



vi=n]|op|Axt).e e:=v]|ifeee|x|eel|letx=eine
t:=num|bool|[t—t|[t]|txt

F'ke:m F'Fey:To 'ke:7 I'Fey:|[T]

A CONS
'k (pair e; e3) : 71 X T (PAIR) I' - (cons e; e2) : [T] (CoNS)
. 'Fe:|T]
P|—6.T1 X To (FIRST)
S .
TF (st e):n (FST) 't (firste): T
- 'ke:|[7] (REST)
€:T1 X T
S ' (rest e) : |1
'k (snd e) : o (SND) ( )t
I'Fe:
e [7] (EMPTY?)

I' - empty : [7] (EMPTY) I' - (empty? €) : bool



vi=n]|op|Axt).e e:=v]|ifeee|x|eel|letx=eine
t:=num|bool|[t—t|[t]|txt
E:=[]|fEee|Ee]|VE

E[if true e, e] - E[et] [1f-t]
E[1f false e, ef}a E[ef] [1£-£f]
E[op v] - E[d(op, V)] [4]

E[(A(x:t).e) v] - E[[x « v]b] [B]
E[fix (A(x:t).e)] -
E[[x « (fix (A(x:t).e))]le] [£fix]



vi=n]|op|Axt).e e:=v]|ifeee|x|eel|letx=eine
t:=num|bool|[t—t|[t]|txt



Soundness

“Well-typed programs do not get stuck.”
e Progress

Ife:t theneisavalueore — €.

e Preservation
Ife:tand e — €', then e’ : t.






(+ 1 (* 2 3)) : num



(+ 1 (* 2 false))



(Lf true 3 succ)



empty<a> : [a]



(fun ([x : num])
(Lf (zero? x)
1
(* 2 x))) : num — num



X : [num] |-
(Lf (empty? x)
X

(cons 5 empty)) : [num]



(fun ([x : bool])
(1f x
succ

(+ x)))



(fun ([x : num])
(1f x
succ

(+ x)))



(with* ([id (fun ([x : bool])

x)1)
(pair (id true) (id 3)))



(with* ([id (fun ([x : num])

x)1)
(pair (id true) (id 3)))



(fun ([£ : .. ]
[ : (num - bool)]
[x : num])
(pair (£ (g x))
((£f g) x)))



((fix (fun ([map :
[£f : (num - num) ]
[1st : [num]])
(Lf (empty? 1lst)
empty
(cons (f (first 1lst))
(map £ (rest 1st))))))
succ
(cons 1 (cons 2 (cons 3 empty))))



(with* ([two (fun ([f : (num —» num) ]
[x : num])

(£ (£ x)))]

[mult

(fun ([n : (num - num) - num — num]
[m : (num - num) - num — num]
[£f : (num - num)])

(n (m £)))])

(mult two two)) : num - num



(with* ([two (fun ([f : (num —» num) ]
[x : num])
(f (£ x)))]1

[pow
(fun ([n : (num - num) - num — num]

[m : (num - num) - num - num])

(n m))])

(pow two two))



(with* ([two (fun ([f : (num —» num) ]
[x : num])
(f (£ x)))]1

[pow
(fun ([n : (num - num) - num — num]

[m : (num - num)])

(n m))])

(pow two two))



(fun ([x : ... 1)
(x x))






(with* ([id

(fun ([x : 1) x)1)
(pair (id true) (id 3)))



(fun ([f : Va.(a - a)]
g : (num - bool)]

X : num])
(pair (£ <bool>

(g %))
((f <num - bool> g) x)))


http://en.wikipedia.org/wiki/Turned_a

(£ix
(Vab.
(fun ([map : (a - b) - ([a] - [b])]
[£ : (a - b)]
[1st : [a]l])
(Lf (empty? x)
empty
(cons (f (first 1lst))
(map £ (rest 1st))))))


http://en.wikipedia.org/wiki/Turned_a

(fun ([x : Va.(a - a)])
(x <Va.(a - a)> x))


http://en.wikipedia.org/wiki/Turned_a
http://en.wikipedia.org/wiki/Turned_a

vi=n|op]|Ax.e e:=v]|ifeee|x|ee]|letx=eine| Va.e|e<t>
t:=num|bool|[t—t|[t]|txt|a]| Va.t



vi=n|op]|Ax.e e:=v]|ifeee|x|ee]|letx=eine| Va.e|e<t>
ti=num|bool|t—t]|[t]|txt|a]| Va.t

akFe:T

T-ABS
' (Va.e) : Va.T ( )
7 I'ke: Va7’ (1-SPEC)
I'Fe(r):[a+ 7|7’ )
', x:1m,Fe:T
(A)

F'F(Az:7p.€):Tq > T



(fun ([x : (Va.a - a)])
(x<(Va.a - a)> x))



((fun ([x : (Va.a - a)])
(x<(Va.a - a)> x))

(Va. (fun ([x : a]) x)))



((fun ([x : (Va.a - a)])
(x<(Va.a - a)> x))
(fun ([x : (Va.a - a)])
(x<(Va.aa - a)> x)))



vi=n|op]|Ax.e e:=v]|ifeee|x|ee]|letx=eine| Va.e|e<t>

ti=num|bool|t—t]|[t]|txt|a]| Va.t
'ktz:I'(x)
' n:num

' e, : bool ke :T 'kef:m
'k (feceref): T

'ke:ry Fx:mp.bey:T
CH(letz=einey): T

Fz:m,Fe: T
' (Az:71g.€) 7 =T

F'kherimqg—=T I'key:m,
L'k (efeq): T

(VAR)

(NUM)

(1F)

(LET)

()

(APP)



type Type = NumT | BoolT | ArrowT Type Type
| VarT ..
unify :: Type - Type - ..
unify BoolT BoolT = ..
unify BoolT NumT = ..
unify tvar NumT = ..
unify tvar tvar’ = ..
unify (ArrowT tvar BoolT)
(ArrowT NumT twvar’) = ..

unify tvar (ArrowT NumT tvar’) = ..

unify tvar (ArrowT tvar tvar’)



type LVar a = Box (Maybe a)

newLVar :: STR (LVar a)
newLVar = makeBox Nothing

bindLVar :: LVar a - a —» STR ()

bindlLVar wvar wval

contents —~ unbox var

case contents of
Nothing - setBox wvar (Just wval)
Just x - fail (“already bound:

” ++ (show x))



type Type = NumT | BoolT | ArrowT Type Type
| VarT (LVar Type)

resolve :: Type - STR Type



type Type = NumT | BoolT | ArrowT Type Type
| VarT (LVar Type)

resolve :: Type - STR Type
resolve tvar@ (VarT lvar) =
do contents « unbox lwvar

case contents of

Nothing - return tvar
Just ty -



type Type = NumT | BoolT | ArrowT Type Type
| VarT (LVar Type)

unify :: Type - Type — STR ()



type Type = NumT | BoolT | ArrowT Type Type
| VarT (LVar Type)

unify :: Type - Type — STR ()

unify NumT NumT = return ()
unify BoolT BoolT
unify (ArrowT argTl resTl) (ArrowT argT2 resT2) =

return ()

do unify argTl argT2
unify resTl resT2



(fun (x)
(Lf (zero? x)

1
(* 2 x)))



(fun (map £ 1st)
(Lf (empty? 1lst)
empty
(cons (f (first 1lst))
(map £ (rest 1st)))))

tmap = tf - tlst - tr tlst = I:tO:I tr = [tl]
L. =t -t
texpr = tmap - tf - tlst - tr

= ((t, - t) — [t,] - [t]1) -
((t, —~ t) - [t] — [t,])



(fix (fun (map £ 1st)
(Lf (empty? lst)
empty
(cons (£ (first 1lst))
(map £ (rest 1st))))))
t

i (a - a) - a
tom = (5 — £) — [t] - [t,]1) —
((t, -~ t) - [t,] - [t,]1)
a unifies with ((t, - t)) - [t,]] - [t])
t ((t, - t,) - [t,] - [t,])

res



(with* ([map (fix (fun (map £ 1lst)
(Lf (empty? x)
empty
(cons (f (first 1lst))

(map £ (rest 1st))))))])
Pt = ((t, - t) - [t] — [t])

map
(map zero?
; zero? unifies (t0 — t1) with (num - bool)
(map succ (cons 1 (cons 2 empty)))))

; succ fails to unify (t0 - t1) with (num - num)



vi=n]|op|Axt).e e:=v]|ifeee|x|eel|letx=eine
t:=num|bool|[t—t|[t]|txt

tyclos(7) = (1, FreeTypeVars(7)) (TYPE-CLOSURE)

I'Fe;:m Iz : tyf:los(Tl) Fe:T (PLET)
'H(letx=e;ine): 7

['(z) = (1, {a1,...,an}) Bi,...,Bn fresh (PVAR)

F'Fz:7lag B,y 0n < Bil

Type Closures (1st attempt, not quite correct)



(with* ([g (fun (£f) (f 3))])
(pair (g succ) (g zero?)))



(fun (x)
(with* ([g (fun (£f) (f x))])
(pair (g succ) (g zero?))))

= : Va. (o - (num, bool))



v:i=n]|op|Axt).e e:=v|ifeee|x|eel|letx=¢eine
ti=num|bool|[t—t]|[t]|txt

(1) = (r, FreeTypeVars(T)[\ F&‘eeTypeVars(I‘))] (TYPE-CLOSURE)

I'Fe:m D,z:T(m)kFe:T (pLET)
'H(letx=eine): T

['(z) = (1, {a1,...,an}) Bi,...,Bn fresh (PVAR)

Chz:7[la < Biy...,0n < Bi]



(with* ([b (box (fun (x) x))])
( (unbox b) 3)))



; b : Va. (box (a — a))

(with* ([b (box (fun (x) x))])
; o unifies with bool
(seq (set-box! b not)

; oo unifies with num: boom!

( (unbox b) 3)))



Value restriction:
; b : @). (box (a - a))
(with* ([b (box (fun (x) x))])
; & unifies with bool
(seq (set-box! b not)

; o doesn’t unify with num: type error!

( (unbox b) 3)))



Concepts

Soundness (briefly)
Polymorphic lambda-calculus (a.k.a. System F).
Logic variables and unification

Type inference (Hindley-Milner algorithm for let-
polymorphism)

Value restriction for polymorphism & side-effects



