
Type Judgements

Γ ⊢ x : Γ(x) (var)

Γ ⊢ n : num (num)

Γ ⊢ e1 : num Γ ⊢ e2 : num

Γ ⊢ (op e1 e2) : num
(arith)

Γ ⊢ true : bool (true)

Γ ⊢ false : bool (false)

Γ ⊢ ec : bool Γ ⊢ et : τ Γ ⊢ ef : τ

Γ ⊢ (if ec et ef ) : τ
(if)

Γ, x : τa ⊢ e : τ

Γ ⊢ (λx.e) : τa → τ
(λ)

Γ ⊢ ef : τa → τ Γ ⊢ ea : τa

Γ ⊢ (ef ea) : τ
(app)

Γ ⊢ e1 : τ1 Γ ⊢ e2 : τ2

Γ ⊢ (pair e1 e2) : τ1 × τ2
(pair)

Γ ⊢ e : τ1 × τ2

Γ ⊢ (fst e) : τ1
(fst)

Γ ⊢ e : τ1 × τ2

Γ ⊢ (snd e) : τ2
(snd)

Γ ⊢ e : τ1

Γ ⊢ (inl e) : τ1 + τ2
(inl)

Γ ⊢ e : τ2

Γ ⊢ (inr e) : τ1 + τ2
(inr)

Γ ⊢ e : τ1 + τ2 Γ ⊢ e1 : τ1 → τ Γ ⊢ e2 : τ2 → τ

Γ ⊢ (match e e1 e2) : τ
(match)
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To extend these rules to support let-polymorphism, we define the concept of a type closure for a type τ and type
environment Γ, written Γ(τ), which is a tuple containing the type and the set of all type variables free in the type
that are not known to Γ:

Γ(τ) = 〈τ,FreeTypeVars(τ) \ FreeTypeVars(Γ)〉 (type-closure)

Inference of a let form results in the creation of a type closure for the inferred type of the bound expression and
the environment used to infer that type:

Γ ⊢ e1 : τ1 Γ, x : Γ(τ1) ⊢ e : τ

Γ ⊢ (let x = e1 in e) : τ
(plet)

When a lookup returns a type closure, the closure must be instantiated. This involves generating a fresh type vari-
able for each free variable in the closure and substituting the fresh one for the original. (This allows the polymorphic
value to be used independently in different contexts.)

Γ(x) = 〈τ, {α1, . . . , αn}〉

Γ ⊢ x : τ [α1 ← β1, . . . , αn ← βn]
(pvar)
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