Convergence rate of SGD
“
m Theorem: v "zlf ht
(see Nemirovski et al ‘09 from readings)
Let f be a strongly convex stochastic function widh peeem )/
Assume gradient of fis Lipschitz continuous and bounded -
W Ui, - VR Iy < Liw- ~willy  L20
Then, for step sizes:
le = K¢ K0
The expected loss decreases as O(1/1):
2.5, k< ‘/Y )
1 (0 ?
NI

ELew - ) s 1 LG
\/\W_tw;‘, (3

Yty b R ‘)bi\
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Convergence rates for gradient
descent/ascent versusoﬁ@l? —ct )

[ |
m  Number of Iterations to get to accuracy G'D . . . IG—'D
U(w*) —l(w) <€  [Vdh 1
pi + ey

m  Gradient descent: M Potud

If func is strongly convex: O(In(1/€)) iterations o !

—_— /’ las‘l\lj
' .

m  Stochastic gradient descent: “ "‘tf vinh

If fi is st I : O(1/e) iterati

unc is strongly convex ‘( €).I erations O ( In /) _,,“,‘ nf

m  Seems exponentially worse, but much more subtle: | braion O(”A)
Total ruqning time, eg, for logistic regrey M‘\I ] O(”d I"E‘)
= Gradient desgent: &
= SGD: g . . . .
= SGD can win when we have a lot of data D(\i) ! *‘M%h’ 1] """i*“i O(&)
#H < Old)

And, when analyzing true error, situation even more subtle... expected
running time about the same, see readings
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Motivati ng AdaGrad (Duchi, Hazan, Singer 2011)

" JEE
m Assuming w € Rd, standard stochastic (sub)gradient
descent updates are of the form: ,(“ b N

w§t+1) — ’w@(t) —=NYt.i Shep S
€
- S-l(f Sik Q'(I-l e "7";&"“‘:7
= learaingrak by ~ Ak,
m Should all features share the same learning rate? | 4,

m Often have high-dimensional feature spaces
Many features are irrelevant = Sl ’U“n;h} e
Rare features are often very informative

m Adagrad provides a feature-specific adaptive learning rate by
incorporating knowledge of the geometry of past observations
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Why Adapt to Geometry?

T2 | X3
0 0
0 1
Q| o
0 0 Examples from
0 0 Duchi et al.
ISMP 2012
0 0 slides
@ o
0 (L)

@ Frequent, irrelevant
® Infrequent, predictive
©® Infrequent, predictive

—
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Not All Features are Created Equal
" SN

m Examples:

High-dimensional image features
Text data: .
The most unsung birthday
. ) .
in American business and
technological history
this year may be the 50th
anniversary of the Xerox
914 photocopier.? /ﬂ.

@The Atlantic, July/August 2010.

VA wovA
Images from Duchi et al. ISMP 2012 slides
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Lo»_Slv“.—uA 6 Ja'»'i-?n"l'«:'\ 0% 91l prebes. min Zw)
Projected Gradient @ WEW

wy S w; " — NGty

N
m Brief aside... ('7'/ W 2 II U“\ < Y\ @

m Consider an arbitrary feature space w € YW C ]zo(

m If w e )V, canuse projected gradient for (sub)gradient
descent Chicicn} b

we

W(H‘l) :lvqu - ("Uu) - q*\)}) ”Z— € Sme W

£5. W flwi &

1whse

b wWo t ‘
Cok ot n AN Sfau t ‘7+
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e . @“)0 N0~ heyped
Regret Minimization _Twu,y, )

= e | Ak,
- () Jn} Gf W
m How do we assess the performance of an online algorithm?
adk S*’Hl-g
m Algorithm |terat|vely predicts W( ) ?‘*t ¢ liek?
m Incur loss ft( )) .

A f\_ﬁi‘" Chch.or Nyl
m Regret:

What is the total incurred loss of algorithm relative to the best
choice of w that could have been made retrospectlvely ‘L]
e wt

!

th W) - inf th
/ Tow

¢ vl"‘ W
N (umn‘a/:t ) 6\5'4 A best s:«J\L W

§igne oF (wi Inveberpoed
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Regret Bounds for Standard SGD
" S i

m Standard projected gradient stochastic updates: L', 3
Wit = arg min [[w = (w ~ 9|} w_
.- w - f‘»—..

m Standard regret bound: T
T . . T
D filw®) = fulw) < g llw® —welE+ 53 ol

& e 1
(1 ver ;
( You Stk Jeneliefy

/

=
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Projected Gradient using Mahalanobis
" 34:(3'-1

m Standard projected gradient stochastic updates: )
w(ttD) — arg min ||w — (W(t) — g3 ﬁt““’? '\
weWw
quQ
A,

m What if instead of an L, metric for projection, we considered

. ) Cove Movn
the Mahalanobis norm A- (\, " J nbu’f -

(t+1) _ : ® _ pA-
w argvrvrgyvllw (w 74 gt)”A&Lb

wl gL Tl s 10
Lo ball: Jwlzk ‘[‘ﬂ";fk ,\(;(?) fwlyst  A- k )

[
m < F o" 1
0 ' Ayo
PO SR
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Mahalanobis Regret Bounds ﬂﬁd‘w N

. Mia by &3y

(D) = arg min [[w — (w(®) —nA~"g,)|4

m What A to choose?

w’ﬁTA WY 50 "j{“ﬁl z &A 9e

i+ a3
n
E fr(w H‘Vi)— I4%+ 5 E HgtHA 1

Atl

m What if we mlnlmlfp upper bound A&n regret w r.t. Aiin hindsight?
Ooe-ad 4 ool (L mf MIMJ A

min <gt,A gt bis:
4 ; ‘{(A)<C




Mahalanobis Regret Minimization
" B Mabelinbiy dithe
u ObjeCtI\’;?Z 3€A 9(: !

mjn; <gt, A_lgt> subject to A = 0,tr(A) < C

m Solution:

—

4Q.,Q% .3V
- \JT| & S§ir vogt
0= Ve S

Ouber FMMJ- 0{'3“«})4«}

For proof, see Appendix E, Lemma 15 of Duchi et al. 2011.
Uses “trace trick” and Lagrangian.

m A defines the norm of the metric space we should be operating in
m 34

AdaGrad Algorithm

(t+1) _ . (w® A2
i w arg min [|w — (W —nAg ge)l[,

m Attimet, estimatf optimal (sub)gradient modification A by
eShime — Fut 3 " lon§
L3 .
iy (nggz) i T
Foc } =17 5 0(d)
m For dlarge, A, is computationally intensive to compute. Instead,
. - A
ding (A1) I (6 )

m Then, algorithm is a simple modification of normal updates:

w(ttD) — arg mi]r/l\) |lw — (W — ndiag(Ay) " g¢)
€

e

'm’.)\ Aimensions 5; .S‘?A‘ of
fh"‘ 0; 9&4:0,‘}1 " ulc. Aim

12
diag(A,)
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AdaGrad in Euclidean Space

m(\ 1) -“@(465“3“

No Conlivmink oq W
= For each feature dimension,  / M{ap} ve f?") e

t41) t .
wf ) w@( - Nt,iGt.i in SFLM Cage,
where Mo = ’lL j'k? S L\vjtv"“‘h
, /A't " S“i’\J R v
m Thatis ' n
’ (t+1) (t) n
w; — w, $eeh,

m Each feature dimension has it's own learning rate!
Adapts with ¢
Takes geometry of the past observations into account

Primary role of n is determining rate the first time a feature is encountered
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AdaGrad Theoretical Guarantees

" JEE—
m AdaGrad regret bound:

T d
D f(w) = fu(w*) < 2R Y llorry
=1

NP
=1 __—

|2

Ree = max [w®) — w'
redw oF I’ka

m So, what does this mean in practice?

m Many cool examples. This really is used in practice!
m Let’s just examine one...
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AdaGrad Theoretical Example
%= (O 6o | 0= © log)
" J——
m Expect to out-perform when gradient vectors are sparse
m SVM hinge loss example:
fiw) =[1 -y <XtaW>]+ where X' € {-1,0, 1}d
:"j /lqos - T ) J’d A, /Wg.}
m If x/ # 0 with probability o< j 7, « > 1 r'd ij\,”
- L 2W]

- —
1 W™ -
E = w ]| = f(w) =0 (— - max{log d, d'~*/?
! (T > ) f(w") T malog }
. 1‘40’( hr o S"'&“
m Previously best known method: [T

7 |
1 & ) 9" oo B4 e
E_f(ftz_:lw())_f(w):O(T'\/a) (Mjsz Xy

llH‘(/ ‘ln (x
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Neural Network Learning

" JEE—
m Very non-convex problem, but use SGD methods anyway

F7) = tog (1 + exp (([p((W1, €)) -+ p({& &), &0)))

Accuracy on Test Set p(a) -
A
s o
E\/QO ﬁ
>
g
=3
:(gs 15
(o}
kl"u) £
i S
~ = p((z1,6))—
& —A-5GD
[ -7 GPU
< —©— Downpour SGD
—&— Downpour SGD w/Adagrad|
—— Sandblaster L-BFGS
[ 20 40 60 80 !DO 120
Time (hours L’
(Dean et al. 2012) wwmniag v
Distributed, d = 1.7 - 10° parameters. SGD and AdaGrad use 80 Images from Duchi et

machines (1000 cores), L-BFGS uses 800 (10000 cores) al. ISMP 2012 slides
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What you should know about Logistic

_ Reﬁression ‘LR: and Click Prediction

m Click prediction problem:
Estimate probability of clicking
Can be modeled as logistic regression

m Logistic regression model: Linear model
m Gradient ascent to optimize conditional likelihood
m Overfitting + regularization

m Regularized optimization
Convergence rates and stopping criterion

m Stochastic gradient ascent for large/streaming data
Convergence rates of SGD

m AdaGrad motivation, derivation, and algorithm
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