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m Motivates a coordinate ascent-like algorithm:
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Expectation Maximization (EM) —
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m More broadly applicable than just to mixture models

considered so far ve
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Expectation Maximization (EM) —
Derivation
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Expectation Maximization (EM) —

. Dgrivation

m Step 3

[ Consider log likelihood of data at any 0 relative to log likelihood at 9
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Expectation Maximization (EM) —

B} Dﬁrivation fing Ao b
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m Step 4 A D)
1 Determine conditions under which log likelihood at Qexéﬁais’that at 0
Using Gibbs inequality:
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Motivates EM Algorithm
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Coordinate Ascent Behavior 7o
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Comments on EM

" JEE
m Since Gibbs inequality is satisfied with equality only if p=q,
any step that changes @ should strictly increase likelihood
or (onned b Klakho! Lo ohe, -
m In practice, can replace the M-Step with increasing U instead
of maximizing it (Generalized EM) (-4, & SmAid clep
——— \

m Under certain conditions (e.g., in exponential family), can
show that EM converges to_a stationa oint of
ges toa {frydpvw 2f Lz (0)

m Often there is a natural choice for y ... has physical meaning
Y: {(‘qsk: "\S)'.,.‘-d-' X)

m If you want to choose any y, not necessarily x=g(y), replace
p(y | 6) in Uwith p(y, z | 0)
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Initialization
" S

m In mixture model case where yi = {zi, xl} there are
many ways to initialize the EM algorithm

m Examples: {y -m/en)

Choose K observations at random to define each cluster.
Assign other observations to the nearest “centriod” to form
initial parameter estimates

Pick the centers sequentially to provide good coverage of data

Grow mixture model by splitting (and sometimes removing)
clusters until K clusters are formed

m Can be quite important to cgnveig(?;rl)c:e or{_at?iiiin practice

n
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What you should know
“ J
m K-means for clustering:

algorithm
converges because it's coordinate ascent

EM for mixture of Gaussians:

How to “learn” maximum likelihood parameters (locally max. like.) in
the case of unlabeled data

Be happy with this kind of probabilistic analysis

Remember, E.M. can get stuck in local minima, and
empirically it DOES

EM is coordinate ascent
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Dimensionality reduction
" JEE
m |nput data may have thousands or millions of

dimensions! b P
e.g., text data has L (6600 — 1060 60acmee  olre

m Dimensionality reduction: represent data with

fewer dimensions
easier learning — fewer parameters
visualization — hard to visualize more than 3D or 4D

discover “intrinsic dimensionality” of data
= high dimensional data that is truly lower dimensional
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Lower dimensional projections
" JEE——
m Rather than picking a subset of the features, we
can new features that are combinations of
existing features
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m Let’s see this in the unsupervised setting
just X, butno Y
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Linear projection and reconstruction

project into
1-dimension

Principal component analysis —

. gaﬁlg |gea
m Project A—dimensional data into k-dimensional
space while preserving information:

e.g., project space of 10000 words into 3-dimensions
e.g., project 3-d into 2-d

m Choose projection with minimum reconstruction
error
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Linear projections, a rewew%
" S

m Project a point into a (lower dimensional),space:
(TI“OM d J;m-ﬁh

point: X = (X4,...,X§ /
select a basis — set of basis vectors — (uy,...,u,)
1 H “ \W
= we consider orthonormal basis: oL learn  Feim Hab~
ueu=1, and u;eu;=0 for ixj =,

select a center — X, defines offset of space
best coordinates in lower dimensional space defined
by dot-products: (z4,...,z,), Z; = (X-X)*u, o

= minimum squared error \ 1
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PCA finds projection that minimizes

. rgggnﬂruction error

m Given N data points: x' = (x,...,X4), i=1...N el of
[ WiII/rwte\ach point as a projeg&ign: Prajacha,
. ko N . .
X'=X+ ) zju; where: i:lei and zj = (x' —X) - u,
' j=1 N j=1
m PCA: 7 |ooeee X w,
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minimizing reconstruction error: '/0{‘
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TOr fieh bt U more
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m Note that x' can be represented

- x*=3%+4+ Zz’-uj
e ————

7j=1

N 4 . 1 _ iz ml
7|2 U/‘/'“} 4
K J"-ﬁ

:‘f’ { (2.3)1 &

exactly by (_j’-_d_im_%rj_sipnal projection:

grror, _f ()( -X )L Z ()( 4?& % '{:‘[‘2 13 Q,J
m Rewriting error:

f (i 2 U\b — .tmv ) rt+.5m;.u

min Qrror —

LR 1—; . (Yi“;(- )@;ﬂﬂiﬁ?ﬁmzwﬂms

Unde&stdetlhng the reconstruk ction
v e “ 4".,-« t Zz

= (%' —x) u; <
[Given k<<d, find (u,

Chog b, minimizing reconstruct|on error:

errork Z (x' — %)

AV A

+ 'Z-' 2 Z,(\*/}-‘c?’c
gk ttu}

min (hJc(‘l')on b'\-{»
l‘ j'“ "( A, rll,{'l )

. GQva riangﬁ -Imatrix
N o4

errory = Y [u;- (x' — %)]2

i=1j=k+1

:f- 25 W ('-3) (i) u

f' “ o 29

_% [Z' (¥-7) (#-¥ }“J
J2ku \/\//_
N

u.T Z (A'
Nl Wy B

min Qvror ;

\_3 Mm Ni

' k9t

Reconstruction error and
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