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(* ** Verified non—negative program analysis for IMP *) forall e,
expr_nn e = true —>
Requi r e Import Bool. expr_non_neg e.
Requi r e Import ZArith. Proof.
Requi r e Import IMPSyntax. induction e; simpl; intros.
Requi r e Import IMPSemantics. - break_match.
+ constructor; auto.
Ltac break_match := + discriminate.
match goal with - constructor; auto.
| _:context[if 2cond then _else _]|-_=> - apply andb_true_iff in H. destruct H.
destruct cond as [] egn:? apply andb_true_iff in H. destruct H.
| |- context [ if 2cond then _else _]=> constructor; auto.
destruct cond as [] eqn:? symmetry in H.
| _: context [ match ?cond with _=>_end]|-_=> apply negb_sym in H. simpl in H.
destruct cond as [] egn:? apply notSub_ok in H. assumption.
| |- context [ match ?cond with _=>_end]=> d.
destruct cond as [] eqn:?
end. Lenmma expr_non_neg_expr_nn:
forall e,
I nduct i ve expr_non_neg : expr —=> Prop := expr_non_neg e —>
| NNInt : expr_nn e = true.
forall i, Proof.
O<=i—> induction 1; simpl; auto.
expr_non_neg (Int i) - break_match; auto.
| NNVar : - apply andb_true_iff; split; auto.
forall v, apply andb_true_iff; split; auto.
expr_non_neg (Var v) symmetry. apply negb_sym; simpl.
| NNBInOp : apply notSub_ok; auto.
forall op el e2, Qed.
op <> Sub —>
expr_non_neg el —> Defi ni ti on heap_non_neg (h: heap) : Prop :=
expr_non_neg e2 —> forallv,0<=hv.
expr_non_neg (BinOp op el e2).
Lema non_neg_exec_op:
Defi ni ti on isSub (op: binop) : bool := forall op il i2,
match op with op <> Sub —>
| Sub => true 0<=il->
| _=>false 0<=i2 —>
end. 0 <=exec_opopili2.
Proof.
Lemma isSub_ok: (*  *TODO good exercise to learn Z lemmas *)
forall op, Admitted.
isSub op = true <—> op = Sub.
Proof. Lemma non_neg_eval:
destruct op; split; simpl; intros; forallh e,
auto || discriminate. heap_non_neg h —>
d. expr_non_neg e —>
evalhei—>
Lenma notSub_ok: 0<=i.
forall op, Proof.
isSub op = false <-> op <> Sub. unfold heap_non_neg. induction 3.
Proof. - inversion HO. auto.
unfold not; destruct op; - apply H.
split; simpl; intros; - inversion HO; subst.
auto; try discriminate. apply non_neg_exec_op; auto.
exfalso; auto. d.
Qed.
I nduct i ve stmt_non_neg : stmt —> Prop :=
Fi xpoi nt expr_nn (e: expr) : bool := | NNNop :
match e with stmt_non_neg Nop
| Inti=> | NNAssign :
if Z_le_dec 0 i then true else false forall v e,
| varv => expr_non_neg e —>
true stmt_non_neg (Assign v e)
| BinOp op el e2 => | NNSeq :
negb (isSub op) && expr_nn el && expr_nn e2 forall s1 s2,
end. stmt_non_neg s1 —>
stmt_non_neg s2 —>
Lemra expr_nn_expr_non_neg: stmt_non_neg (Seq s1 s2)
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| NNCond :
forall e s,
stmt_non_neg s —>
stmt_non_neg (Cond e s)
| NNWhile :
forall e s,
stmt_non_neg s —>
stmt_non_neg (While e s).

Fi xpoi nt stmt_nn (s: stmt) : bool :=

match s with
| Nop => true
| Assign v e =>expr_nne
| Seq sl s2 =>stmt_nn sl && stmt_nn s2
| Cond e s =>stmt_nns
| While e s =>stmt_nn s

end.

Lemra stmt_nn_stmt_non_neg :
forall s,
stmt_nn s = true —>
stmt_non_neg s.
Proof.
induction s; simpl; intros;
constructor; auto.
- apply expr_nn_expr_non_neg; auto.

Lemra stmt_non_neg_stmt_nn:
forall s,
stmt_non_neg s —>
stmt_nn s = true.
Proof.
induction 1; simpl; intros; auto.
- apply expr_non_neg_expr_nn; auto.
- apply andb_true_iff; split; auto.
Qed.

Lemra non_neg_step:
forallhsh's,
heap_non_neg h —>
stmt_non_neg s —>
stephsh's’ —>
heap_non_neg h’ A stmt_non_neg s'.
Proof.
unfold heap_non_neg; intros.
induction H1.
- split; intros.
+ unfold update.
break_match; subst; auto.
eapply non_neg_eval; eauto.
inversion HO; subst; auto.
+ apply NNNop. (* * constructor.
- split; intros; auto.
inversion HO; subst.
assumption.
- inversion HO; subst.
apply IHstep in H4; auto. destruct H4.
split; intros; auto.
constructor; auto.
- split; intros; auto.
inversion HO; subst; auto.
- split; intros; auto.
constructor.
- split; intros; auto.
inversion HO; subst; auto.
constructor; auto.

- apply andb_true_iff in H. destruct H; auto.
- apply andb_true_iff in H. destruct H; auto.
Qed.

)

- split; intros; auto.
constructor.
d

Lema non_neg_step_n:
foralhsnh's’,
heap_non_neg h —>
stmt_non_neg s —>
step_nhsnh's —>

heap_non_neg h’ /A stmt_non_neg s’.

Proof.
intros. induction H1; auto.
apply non_neg_step in H1; auto.
destruct H1.
apply IHstep_n; auto.
Qed.
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