1. 

void Swap (ref int x, ref int y)



{



  // Let x0 be the initial value of x



  // and y0 be the initial value of y.



  // C0 holds here

// C0: y == y0 && x ^ y ^ y == x0

// C0: y == y0 && x ^ 0 == x0

// C0: y == y0 && x == x0



  x = x ^ y;



  // C1 holds here

// C1: x ^ x ^ y == y0 && x ^ y == x0

// C1: 0 ^ y == y0 && x ^ y == x0

// C1: y == y0 && x ^ y == x0



  y = x ^ y;



  // C2 holds here

// C2: x ^ y == y0 && y == x0



  x = x ^ y;



  // Post: x == y0 && y == x0



}
Swap program is correct because the initial condition that we assumed (x0==x && y0==y) implies C0. 

Many people forgot to complete the proof by showing that the initial condition implies C0. – I did not deduct points for this reason but be careful.

2. 

Rustan’s solution: - Using ESC Java 

public class BubbleSort {

    //@ requires a != null;

    //@ ensures (\forall int i; 0 <= i && i < a.length-1; a[i] <= a[i+1]);

    public void Sort (int[] a) {


if (a.length < 2) {


    return;


}


int outer = a.length - 1;


//@ loop_invariant 0 <= outer && outer <= a.length-1;


//@ loop_invariant (\forall int i,j; 0 <= i && i < j && j < a.length; outer < j ==> a[i] <= a[j]);


while (outer > 0) {


    //@ loop_invariant 0 <= inner && inner <= outer;


    //@ loop_invariant (\forall int i; 0 <= i && i < inner; a[i] <= a[inner]);


    //@ loop_invariant (\forall int i,j; 0 <= i && i < j && j < a.length; outer < j ==> a[i] <= a[j]);


    for (int inner = 0; inner < outer; inner++) {



if (a[inner] <= a[inner+1]) {



} else {



    int tmp = a[inner];



    a[inner] = a[inner+1];



    a[inner+1] = tmp;



}


    } 


    outer = outer - 1;


}


// assert (\forall int i,j; 0 <= i && i < j && j < a.length; a[i] <= a[j]);

    }

}

Proof by hand: 

There are mainly two ways to approach this problem. 

(1) Magically find the outer loop invariant and find the weakest preconditions from the bottom to top. 

(2) However, the first approach is difficult to get started. So it’s possible to prove that the inner loop is correct. Then when you start to find the weakest preconditions for the outer loop by reasoning from the bottom to top, you have to show that the post-condition of the inner loop implies the weakest pre-condition found at the end of the inner loop. In the same way, you should reason forward from the top of the outer loop and show that the postcondition found before the inner loop implies the weakest precondition of the inner loop. See the code comments below. 

outer {


Statement S1;


reason from top to bottom and find the postcondition(C0) for S1;


at this point, you should show that C0 implies C1. 


find the weakest precondition(C1) for the inner loop. 



inner {


}

find the post condition of inner loop: C2 – guess well. 


at this point, you should show that C2 implies C3 

find the weakest precondition found by reasoning from bottom to top in the outer loop: C3 

}

// post condition Post

Some people tried to prove the correctness of the inner by isolating the inner loop, but many failed to show that the connection between outer loop and inner loop.
Example proof – Style (1)- Thanks for Charles Reis 
CSE 503 - Homework 3

Problem 2 - Proving BubbleSort correct

Charlie Reis, 5-19-2004

Outer Loop ----------

J_o: (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&

       (outer <= a.length-1)
· this is actually weaker than the correct loop invariant. 

· For loop invariant: for all i, j ; 0<=i <j && j<a.length; outer<j=>a[i]<a[j]
vf_o: outer

Inner Loop ----------

J_i: (forall int j in 0 .. inner | a[j] <= a[inner]) &&

       (0 <= inner <= outer)

vf_i: outer - inner

Proof ----------



void BubbleSort (int[] a) 



{



  int outer, inner;

// (forall int i in a.length-1 .. a.length-2 | a[i] <= a[i+1]) &&

//   (a.length-1 <= a.length-1)

//   [Vacuously and trivially true]



  outer = a.length - 1;

// (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&

//   (outer <= a.length-1)

//   [true over empty range, with outer == a.length-1]



  while (outer > 0) 



  { 

// (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&

//   (0 < outer <= a.length-1) && (outer == VF_o)

//   [This line introduces VF_o, so the next line holds]

// C0: 

// (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&

//   (0 < outer <= a.length-1) && (outer-1 < VF_o)

Substitute 
// (forall int j in 0 .. 0 | a[j] <= a[0]) &&

//   (0 <= 0 <= outer) && C0

//   [Vacuously true]



    inner = 0;

// (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (0 <= inner <= outer) && C0

//   [true, since a[0] <= a[0] and 0 < outer]



    while (inner < outer)



    {

Introduction of vf_i = VF_i
// (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (0 <= inner < outer) && (outer - inner == VF_i) && C0

//   [This line introduces VF_i, so the next line holds]

Implies ->
// (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (0 <= inner < outer) && (outer - inner - 1 < VF_i) && C0



      if (a[inner] > a[inner + 1]) 



      {

Substitute
// (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (0 <= inner < outer) && (outer - inner - 1 < VF_i) &&

//   (a[inner] == v0) && (a[inner+1] == v1) && (v0 > v1) && C0



        Swap(a[inner], a[inner+1]); 

Rewrite
// (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (0 <= inner < outer) && (outer - inner - 1 < VF_i) &&

//   (a[inner] == v1) && (a[inner+1] == v0) && (v0 > v1) &&

//   (a[inner] <= a[inner+1]) && C0

}
// (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (o <= inner < outer) && (outer - inner - 1 < VF_i) &&

//   (a[inner] <= a[inner+1]) && C0

//   [true either by negation of guard or the statements in conditional]

// (forall int j in 0 .. inner+1 | a[j] <= a[inner+1]) &&

//   (0 <= inner < outer) && (outer - inner - 1 < VF_i) &&

//   (outer - inner - 1 < VF_i) && C0

//   [true by including the extra element in the range]

Substitute
// (forall int j in 0 .. inner+1 | a[j] <= a[inner+1]) &&

//   (0 <= inner+1 <= outer) && (outer - (inner+1) < VF_i) &&

//   (outer - (inner+1) < VF_i) && C0



      inner = inner + 1;

J_in && vf_i<VF_i
// (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (0 <= inner <= outer) && (outer - inner < VF_i) && C0

} 

Factor C0
// (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (0 <= inner <= outer) && (inner >= outer) && C0

Rewrite
// (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (0 <= inner <= outer) && (inner >= outer) &&

//   (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&

//   (0 < outer <= a.length-1) && (outer-1 < VF_o)

Rewrite 
// (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&

//   (a[inner-1] <= a[inner]) &&

//   (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (inner == outer) && (0 < outer <= a.length-1) &&

//   (outer-1 < VF_o)

Rewrite 
// (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&

//   (a[outer-1] <= a[outer]) &&

//   (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (inner == outer) && (0 < outer <= a.length-1) &&

//   (outer-1 < VF_o)

Substitute outer with (outer-1) 
// (forall int i in outer-1 .. a.length-2 | a[i] <= a[i+1]) &&

//   (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (inner == outer-1+1) && (0 <= outer-1 < a.length-1) &&

//   (outer-1 < VF_o) 



    outer = outer - 1;

J && vf_o<VF_o
// (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
//   (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//   (inner == outer+1) && (0 <= outer < a.length-1) &&

//   (outer < VF_o)



  }

rewrite so that (J && B) implies Post
// (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&

//   (outer <= a.length-1) && 

//   ((a.length-1 > 0) => 

//      (forall int j in 0 .. inner | a[j] <= a[inner]) &&

//      (inner == outer+1)) &&

//   (outer <= 0)

// Post: forall int i in 0 .. a.length-2 | a[i] <= a[i+1] 

Example proof – Style(1) Stanley Kok

void BubbleSort (int[] a) 

{

  int outer, inner;  

    //    TRUE
    //    TRUE || FALSE
    //    (a.length-1 == a.length-1) || FALSE    // we assume that a.length > 0.
    //    (a.length-1 == a.length-1) ||
    //    ( (1 <= a.length-1 <= a.length-2) && (forall int i in a.length-1 .. a.length-2 | a[i]<=a[i+1]) &&
    //      (forall int j in 0 .. 1 | a[j] <= a[a.length-1+1]) && (0 < a.length-1) )
  outer = a.length - 1;

    //    (outer == a.length-1) ||
    //    ( (0 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //      (forall int j in 0 .. 1 | a[j] <= a[outer+1]) )

  while (outer > 0) 

  {

    //    ***** INVARIANT FUNCTION **********
    //    (outer == a.length-1) ||
    //    ( (0 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //      (forall int j in 0 .. 1 | a[j] <= a[outer+1]) )
    //    (outer == a.length-1) ||
    //    ( (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //     (forall int j in 0 .. 0+1 | a[j] <= a[outer+1]) && (0 <= 0 < outer) )
    inner = 0;

    while (inner < outer)

    {

    //    (outer == a.length-1) ||
    //    ( (0 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //      (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner < outer) )
    //    (outer == a.length-1) ||
    //    ( (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //      (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner < outer) )
    //    ( a[inner] > a[inner + 1] || a[inner] <= a[inner + 1] ) &&

    //    ( (outer == a.length-1) ||

    //      ( (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //        (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner < outer) ) )

    //    a[inner] > a[inner + 1] &&

    //    ( (outer == a.length-1) ||

    //      (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //      (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner < outer) )

    // ||

    //    a[inner] <= a[inner + 1] &&

    //   ( (outer == a.length-1) ||

    //     (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //     (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner < outer) )

    //    a[inner] > a[inner + 1] 

    //    && wp( Swap(a[inner], a[inner+1]),

    //           (outer == a.length-1) ||
    //           ( (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //             (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner < outer) ) )

    // ||

    //    a[inner] <= a[inner + 1] &&

    //   ( (outer == a.length-1) ||

    //     (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //     (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner < outer) )

      if (a[inner] > a[inner + 1]) 

      {

        Swap(a[inner], a[inner+1]); 

      } 

    // (outer == a.length-1) ||
    // ( (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //   (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner < outer) )

    // (outer == a.length-1) ||
    // ( (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //   (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner+1 <= outer) )

      inner = inner + 1;

    }

    // (outer == a.length-1) ||
    // ( (1 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
    //   (forall int j in 0 .. inner | a[j] <= a[outer+1]) && (0 <= inner <= outer) )
    // (outer-1 == a.length-2) ||
    // ( (0 <= outer-1 <= a.length-3) && (forall int i in outer-1+1 .. a.length-2 | a[i] <= a[i+1]) &&
    //   (forall int j in 0 .. inner | a[j] <= a[outer-1+2]) && (0 <= inner <= outer-1+1) )
    outer = outer - 1;

    // (outer == a.length-2) ||
    // ( (0 <= outer <= a.length-3) && (forall int i in outer+1 .. a.length-2 | a[i] <= a[i+1]) &&
    //   (forall int j in 0 .. inner | a[j] <= a[outer+2]) && (0 <= inner <= outer+1) )
  }

  // Post: forall int i in 0 .. a.length-2 | a[i] <= a[i+1] 

}

The invariant J (the invariants of both loops are combined together):

//    (outer == a.length-1) ||
//    ( (0 <= outer <= a.length-2) && (forall int i in outer .. a.length-2 | a[i] <= a[i+1]) &&
//      (forall int j in 0 .. inner+1 | a[j] <= a[outer+1]) && (0 <= inner < outer) )
The variant function vf of the outer loop: outer
The variant function vf of the inner loop: outer-inner
From the backwards derivation of weakest preconditions, we know that:

1. the invariant holds initially. 

2. the invariant is maintained.

3. the invariant is sufficient.

4. the variant function is bounded (from above by a.length-1).

5. The variant function decreases.

Thus we have shown the total correctness of the procedure.

(I could show these individually but because they are apparent from the derivation, I did not do so.)

3. The following solution is just one way of removing possible errors.  

public class Bag {

  int[] a;

  //@ invariant a != null;

  int n;

  //@ invariant 0 <= n && n <= a.length;

  //@ requires initialElements != null;

  Bag(int[] initialElements) {

    n = initialElements.length;

    a = new int[n];

    System.arraycopy(initialElements, 0, a, 0, n);

  }

  //@ requires initialElements != null;

  //@ requires 0 <= start && start < initialElements.length;

  //@ requires 0 <= howMany && (start + howMany) <= initialElements.length;

  Bag(int[] initialElements, int start, int howMany) {

    n = howMany;

    a = new int[n];

    for (int i=start; i<howMany; i++)

      a[i] = initialElements[i];

  }

  int extractMin() {

    int m = Integer.MAX_VALUE;

    int mindex = 0;

    for (int i = 0; i < n; i++) {

      if (a[i] < m) {

        mindex = i;

        m = a[i];

      }

    }

    if (n > 0) {

      n--;

      a[mindex] = a[n];

    }

    return m;

  }

  void add(int x) {

    if (n == a.length) {

      int newLen = 2 * a.length;

      // If 'a' has zero elements, "doubling" means expanding to 1 element

      if (a.length == 0) {

        newLen = 1;

      }

      int[] b = new int[newLen];

      System.arraycopy(a, 0, b, 0, n);

      a = b;

    }

    a[n] = x;

    n++;

  }

}

