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Distribu-vity	  of	  Frameworks	  

•  (G,	  L,	  F,	  M)	  is	  distribu-ve	  iff	  	  
f(x	  ∧	  y)	  =	  f(x)	  ∧	  f(y)	  

a	  =	  3;	  
b	  =	  2;	  

x	  =	  a	  +	  b	  

a	  =	  2;	  
b	  =	  3;	  	  	  	  x	  

a	  =	  3	  
b	  =	  2	  

	  	  	  	  y	  
a	  =	  2	  
b	  =	  3	  

a	  =	  ⊤	  
b	  =	  ⊤	  
x	  =	  ⊤	  

f(x	  ∧	  y)	  	  
=	  f({3,2,?}	  ∧	  {2,3,?})	  
=	  f({⊤,	  ⊤,	  ?})	  
=	  {⊤,	  ⊤,	  ⊤}	  
	  
f(x)	  ∧	  f(y)	  	  
=	  f({3,	  2,	  ?})	  ∧	  f({2,	  3,	  ?})	  
=	  {3,	  2,	  5}	  ∧	  {2,	  3,	  5}	  
=	  {⊤,	  ⊤,	  5}	  
	  Ordering	  of	  evalua-on	  maSers!	  



Maximal	  Fixed	  Point	  (MFP)	  Solu-on	  

•  Fact:	  the	  itera-ve	  solu-on	  to	  dataflow	  equa-ons	  
is	  the	  most	  precise	  

•  Intui-on:	  
–  Start	  with	  the	  top	  element	  at	  each	  program	  point	  
–  Refine	  during	  each	  itera-on	  to	  sa-sfy	  all	  dataflow	  
equa-ons	  

–  Final	  result	  will	  be	  closest	  to	  the	  top	  
•  Hence	  for	  any	  solu-on	  FP	  of	  dataflow	  equa-ons:	  	  
FP	  ≤	  MFP	  	  



Meet	  Over	  Paths	  (MOP)	  Solu-on	  

•  Another	  approach	  to	  solve	  the	  dataflow	  
equa-ons:	  
– Enumerate	  each	  path	  pk	  =	  [entry,	  n1,	  n2,	  …,	  nk]	  
– Define	  IN[pk]	  =	  fnk-‐1(…	  (fn1	  (fn0(d0))))	  ,	  where	  d0	  is	  
the	  flow	  element	  for	  entry	  

– Compute	  final	  solu-on	  as	  
	  	  	  	  IN[n]	  =	  U	  {	  IN[p]	  	  .	  p	  is	  a	  path	  from	  entry	  to	  p	  }	  
	  



MFP	  and	  MOP 	  	  

•  Fact:	  MFP	  ≤	  MOP	  
•  Why	  not	  compute	  MOP	  in	  prac-ce?	  

entry 

B1 

B2 

How	  many	  paths	  can	  reach	  B2?	  



MFP	  and	  MOP	  

•  Fact:	  For	  transfer	  func-ons	  that	  are	  
distribu-ve,	  then	  MFP	  =	  MOP	  

•  Recall:	  f(x	  ∧	  y)	  =	  f(x)	  ∧	  f(y)	  
•  Hence	  f(x1)	  ∧	  f(x2)	  ∧	  f(x3)	  	  …	  =	  f(∧xi)	  

•  We	  can	  compute	  MOP	  using	  itera-ve	  
algorithm!	  



Can	  we	  do	  even	  beSer?	  

•  Fact:	  MFP,	  MOP	  are	  conserva-ve	  

if (c) 

B1	   B2	  

if (c) 

B1	   B2	  

•  Some	  paths	  are	  not	  possible	  	  
•  IDEAL	  =	  solu-on	  that	  takes	  	  
into	  account	  of	  feasible	  paths	  
•  FP	  ≤	  MFP	  ≤	  MOP	  ≤	  IDEAL	  
	  
•  Great!	  

-‐	  but	  this	  is	  undecidable	  L	  



Summary	  	  

•  Dataflow	  framework	  =	  (G,	  L,	  F,	  M)	  

•  Possible	  solu-ons:	  FP,	  MFP,	  MOP,	  IDEAL	  
– FP	  ≤	  MFP	  ≤	  MOP	  ≤	  IDEAL	  

•  In	  prac-ce,	  compilers	  compute	  MFP	  using	  the	  
itera-ve	  algorithm	  
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1. Introduction

A program denotes computations in some universe of
objects. Abstract interpretation of programs con–
sists in using that denotation to describe compu–
tations in another universe of abstract objects,
so that the results of abstract execution give
some information on the actual computations. An
intuitive example (which we borrow from Sintzoff
172]) is the rule of signs. The text ‘1515* 17
may be understood to denote computations on the
abstract universe {(+), (-), (~)} where the se-
mantics of arithmetic operators is defined by the
rule of signs. The abstract execution -1515* 17
=> -(+) * (+) e> (–) * (+) => (–), proves that

–1515 * 17 is a negative number. Abstract interpre–
tation is concerned by a particular underlying
structure of the usual universe of computations
(the sign, in our example). It gives a summary of
some facets of the actual executions of a program.
In general this summary is simple to obtain but
inaccurate (e.g. –1515+17 => –(+)+(+) ‘>
(-)+(+) => (f)). Despite its fundamentally in-
complete results abstract interpretation allows
the programmer or the compiler to answer ques–
tions which,do not need full knowled~e of program
executions or which tolerate an imprecise answer,
(e.g. partial correctness proofs of programs ignO-
ring the termination problems, type checking, pro-
gram optimizations which are not carried in the
absence of certainty about their feasibility, . . .).

2. &unmary

Section 3 describes the syntax and mathematical
semantics of a simple flowchart language, Scott
and Strachey[71]. This mathematical semantics is
used in section 4 to built a more abstract model of
the semantics of programs, in that it ignores the
sequencing of control flow. This model is taken to
be the most concrete of the abstract interpretatiOns
of programs. Section 5 gives the formal definition
of the abstract interpretations of a program.
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Abstract program properties are modeled by a com–
plete semilattice, Birkhoff[611. Elementary Pro-
gram constructs are locally interpreted by order
preserving functions which are used to associate
a system of recursive equations with a program. The
program global properties are then defined as one
of the extreme fixpoints of that system, Tarski [55].
The abstraction process is defined in section 6. It
is shown that the program properties obtained by
an abstract interpretation of a program are consis–
tent with those obtained by a more refined inter–
pretation of that program. In particular, an ab–
stract interpretation may be shown to be consistent
with the formal semantics of the language. Levels
of abstraction are formalized by showing that con-
sistent abstract interpretations form a lattice
(section 7). Section 8 gives a constructive defi–
nition of abstract properties of programs based on
constructive definitions of fixpoints. It shows
that various classical algorithms such as Kildall
[731, Wegbreit[751 compute program properties as
limits of finite Kleene[52]’s sequences. Section
9 introduces finite fixpoint approximation methods
to be used when Kleene’ssequences are infinite,
Cousot[761. They are shown to be consistent with
the abstraction process. Practical examples illus–
trate the various sections. The conclusion points
out that abstract interpretation of programs is a
unified approach to apparently unrelated program
analysis techniques.

3’. Syntax and Semantics of programs

We will use finite flowcharts as a language inde–
pendent representation of progrems.

3.1 Syntax of a Progrwn

A program is built from a set “Nodes”. Each node
has successor and predecessor nodes :

n–succ, n–pred : Nodes+ 2Nodesl (men-succ(n))

<=>(ne n-pred(m))

Hereafter, we note ISl the cardinality of a set S.
~Jhen ]Sl = 1 so that S = {~we sometimes use S to
denote x.

The node subsets “Entries”’, “Assignments’!, “Tests”,
“Junctions” and “Exits” partition the set Nodes.

– An entry node (n c Entries) has no predecess...
and one successor, ((n-nred(n) = @)”and “-’-
(In-succ(n)l = l)).

238



Where	  it	  all	  started…	  

•  Inspira-ons	  from	  
– Dataflow	  analysis	  
– Denota-onal	  seman-cs	  

•  Enthusias-cally	  embraced	  by	  the	  community	  
– At	  least	  the	  func-onal	  community	  .	  .	  .	  	  
– At	  least	  the	  first	  half	  of	  the	  paper	  .	  .	  .	  	  



AI	  by	  Example	  
with	  slides	  from	  Prof.	  Alex	  Aiken	  



A	  Tiny	  Language	  
•  Language	  with	  only	  integers	  and	  
mul-plica-on	  

e	  =	  i	  |	  e	  *	  e	  
	  
µ	  :	  Exp	  →	  Int	  	  
µ(i)	  =	  	  i	  	  
µ(e*e)	  =	  µ(e)	  ×	  µ(e)	  	  

Denota-on	  /	  meaning	  func-on	  

•  Goal:	  define	  a	  seman-cs	  to	  compute	  the	  sign	  of	  
all	  expressions	  without	  actually	  carrying	  out	  the	  
computa-on	  



An	  Abstrac-on	  

•  Define	  an	  abstract	  seman-cs	  that	  computes	  
only	  the	  sign	  of	  the	  result.	  	  

σ:	  Exp	  →	  {+,	  -‐,	  0}	  
	  
	   	  +	  	  	  if	  i	  >	  0	  

σ(i)	  =	  0	  	  	  if	  i	  =	  0	  
	  	  	  	  	  	  	  	  	  	  	  -‐	  	  	  if	  i	  <	  0	  
	  
σ(e*e)	  =	  σ(e)	  ×	  σ(e)	  	  

×	   +	   0	   -‐	  
+	   +	   0	   -‐	  
0	   0	   0	   0	  
-‐	   -‐	   0	   +	  



Soundness	  

•  We	  can	  show	  that	  this	  abstrac-on	  is	  correct	  in	  
that	  it	  correctly	  predicts	  the	  sign	  of	  an	  
expression.	  	  

•  Proof	  is	  by	  structural	  induc-on	  on	  e.	  	  
	  

µ(e)	  >	  0	  ⇔	  σ(e)	  =	  +	  
µ(e)	  =	  0	  ⇔	  σ(e)	  =	  0	  
µ(e)	  <	  0	  ⇔	  σ(e)	  =	  -‐	  



Another	  View	  of	  Soundness	  

•  The	  soundness	  proof	  is	  clunky	  	  
•  Instead,	  directly	  associate	  each	  abstract	  value	  
with	  the	  set	  of	  concrete	  values	  it	  represents.	  	  

γ	  :{+,0,-‐}	  →	  2Int	  
	  	  
γ(+)	   	  =	  {	  i|i>0	  }	  
γ(0)	  	  	  =	  {0}	  	  
γ(-‐)	  	  	  	  =	  {	  i|i<0	  }	  



Another	  View	  of	  Soundness	  
•  The	  concre-za-on	  func-on	  γ	  	  
– Mapping	  from	  abstract	  values	  to	  (sets	  of)	  
concrete	  values	  	  

•  Let	  
– D	  be	  the	  concrete	  domain	  
– A	  be	  the	  abstract	  domain	  

µ(e)	  ∈	  γ(σ(e))	  	  	  	   Exp	  

A	  

µ∈2D	  

σ	  
γ	  



Abstract	  Interpreta-on	  

•  This	  is	  an	  abstract	  interpreta-on	  
– Computa-on	  in	  an	  abstract	  domain	  
–  In	  this	  case	  {+,0,-‐}.	  	  

•  The	  abstract	  seman-cs	  is	  sound	  
– approximates	  the	  standard	  seman-cs.	  	  

•  The	  concre-za-on	  func-on	  establishes	  the	  
connec-on	  between	  the	  two	  domains.	  	  



Adding	  -‐	  

•  Extend	  our	  language	  with	  unary	  -‐	  

µ(-‐e)	  =	  -‐µ(e)	  	  
σ(-‐e)	  =	  -‐σ(e)	  

-‐	   +	   0	   -‐	  
-‐	   0	   +	  



Adding	  +	  

•  Adding	  addi-on	  is	  not	  so	  easy.	  	  
•  The	  abstract	  values	  are	  not	  closed	  under	  
addi-on.	  	  

µ(e1	  +	  e2)	  =	  µ(e1)	  +	  µ(e2)	  
σ(e1	  +	  e2)	  =	  σ(e1)	  +	  σ(e2)	  

+	   +	   0	   -‐	  
+	   +	   +	   ?	  
0	   +	   0	   -‐	  
-‐	   ?	   -‐	   -‐	  



Solu-on	  
•  We	  need	  another	  abstract	  value	  to	  represent	  a	  
result	  that	  can	  be	  any	  integer	  

•  Finding	  a	  domain	  closed	  under	  all	  the	  abstract	  
opera-ons	  is	  ooen	  a	  key	  design	  problem	  	  

•  Recall:	  defining	  lapce	  for	  dataflow	  analysis	  

γ	  (T)	  =	  all	  integers	  

+	   +	   0	   -‐	   ⊤	  
+	   +	   +	   ⊤	   ⊤	  
0	   +	   0	   -‐	   ⊤	  
-‐	   ⊤	   -‐	   -‐	   ⊤	  
⊤	   ⊤	   ⊤	   ⊤	   ⊤	  



Extending	  Other	  Opera-ons	  

•  We	  also	  need	  to	  extend	  the	  other	  abstract	  
opera-ons	  to	  work	  with	  T.	  	  

x	   +	   0	   -‐	   ⊤	  
+	   +	   0	   -‐	   ⊤	  
0	   0	   0	   0	   0	  
-‐	   -‐	   0	   +	   ⊤	  
⊤	   ⊤	   0	   ⊤	   ⊤	  

-‐	   +	   0	   -‐	   ⊤	  
-‐	   0	   +	   ⊤	  



Examples	  

•  Abstract	  computa-on	  doesn’t	  lose	  informa-on:	  
	  µ((5	  *	  5)	  +	  6)	  =	  31	  
	  σ((5	  *	  5)	  +	  6)	  =	  (+	  ×	  +)	  +	  +	  =	  +	  	  

•  Some-mes	  it	  does:	  
	  µ((1	  +	  2)	  +	  -‐3)	  =	  0	  
	  σ((1	  +	  2)	  +	  -‐3)	  =	  (+	  +	  +)	  +	  (-‐+)	  =	  T	  	  



Adding	  /	  (Integer	  Division)	  
•  Adding	  /	  is	  straighsorward	  except	  for	  the	  case	  
of	  division	  by	  0.	  	  

•  If	  we	  divide	  each	  integer	  in	  a	  set	  by	  0,	  what	  
set	  of	  integers	  results?	  	  
– The	  empty	  set.	  	  

γ(⊥)=∅	  

/	   +	   0	   -‐	   ⊤	   ⊥	  
+	   +	   0	   -‐	   ⊤	   ⊥	  
0	   0	   0	   0	   0	   ⊥	  
-‐	   -‐	   0	   +	   ⊤	   ⊥	  
⊤	   ⊤	   0	   ⊤	   ⊤	   ⊥	  
⊥	   ⊥	   ⊥	   ⊥	   ⊥	   ⊥	  



Adding	  /	  (Integer	  Division)	  

•  As	  before	  we	  need	  to	  extend	  the	  other	  
abstract	  opera-ons.	  	  

•  In	  this	  case,	  every	  entry	  involving	  boSom	  is	  
boSom	  	  
– all	  opera-ons	  are	  strict	  in	  boSom	  	  

⊥	  +	  x	  =	  ⊥	  	  
x	  ×	  ⊥	  =	  ⊥	  	  	  
	  	  	  	  -‐⊥	  	  =	  ⊥	  	  
	  



The	  Abstract	  Domain	  
•  Our	  abstract	  domain	  forms	  a	  complete	  la.ce.	  	  
– A	  par-al	  order	  x	  ≤	  y	  ⇔	  γ	  (x)	  ⊆	  γ	  (y)	  	  

•  Every	  finite	  subset	  has	  a	  least	  upper	  bound	  
(lub,	  ⊔)	  and	  greatest	  lower	  bound	  (glb,	  ⊓).	  	  

•  We	  write	  A	  for	  an	  abstract	  domain	  	  
– a	  set	  of	  values	  +	  an	  ordering	  	  

⊥	  

+	   0	   -‐	  

T	  



The	  Abstrac-on	  Func-on	  

•  The	  abstrac-on	  func-on	  maps	  concrete	  values	  
to	  abstract	  values.	  	  
– The	  dual	  of	  concre-za-on.	  	  
– The	  smallest	  value	  of	  A	  that	  is	  the	  abstrac-on	  of	  a	  
set	  of	  concrete	  values.	  	  

α:	  2Int	  →	  A	  
α(S)	  =	  lub(	  {-‐|i<0	  ∧	  i∈S},	  {0|0∈S},	  {+|i>0	  ∧	  i∈S}	  )	  



An	  Aside:	  Galois	  Connec-on	  

•  (L,	  α,	  γ,	  M)	  is	  a	  Galois	  connec-on	  between	  
complete	  lapces	  (L,	  ≤)	  and	  (M,	  ≤)	  iff:	  
– α:	  L	  →	  M	  and	  γ:	  M	  →	  L	  are	  monotone	  func-ons	  
	  
Furthermore:	  
–  id	  ≤	  γ	  o	  α	  	  
–  id	  ≤	  α	  o	  γ	  

– The	  func-on	  α	  o	  γ	  is	  called	  a	  Galois	  inser4on	  



A	  General	  Defini-on	  

•  An	  abstract	  interpreta-on	  consists	  of	  	  
– An	  abstract	  domain	  A	  and	  concrete	  domain	  D	  
– Concre-za-on	  and	  abstrac-on	  func-ons	  forming	  
a	  Galois	  inser-on.	  	  

– A	  (sound)	  abstract	  seman-c	  func-on.	  	  

In	  our	  example:	  

∀x	  ∈2D	  .	  x	  	  ⊆	  γ(α(x))	  

∀a	  ∈	  A	  .	  	  a	  =	  α(γ(x))	  
or	   id	  ≤	  γ	  o	  α	  	  

id	  =	  α	  o	  γ	  



Galois	  Inser-ons	  

•  The	  abstract	  domain	  can	  be	  thought	  of	  as	  
dividing	  the	  concrete	  domain	  into	  non-‐disjoint	  
subsets	  	  

•  The	  abstrac-on	  func-on	  maps	  a	  subset	  of	  the	  
domain	  to	  the	  smallest	  containing	  abstract	  
value.	  	  



Pictorially	  

•  In	  correct	  abstract	  interpreta-ons,	  we	  expect	  
the	  following	  diagram	  to	  commute.	  	  

Exp	  

A	  

µ∈2D	  

σ	  
γ	   ≤	  	  

α	  	  	  



General	  Condi-ons	  for	  Correctness	  

•  Three	  condi-ons	  guarantee	  correctness	  in	  
general:	  	  
– α	  and	  γ	  form	  a	  Galois	  inser-on	  	  
•  id	  ≤	  γ	  o	  α,	  id	  =	  α	  o	  γ	  

– α	  and	  γ	  are	  monotonic	  
•  x	  ≤	  y	  ⇒	  α(x)	  ≤	  α(y)	  	  

– Abstract	  opera-ons	  op	  are	  locally	  correct:	  	  
•  γ(op(s1,...,sn	  ))	  	  ⊆	  	  op(γ(s1),...,γ(sn))	  	  



Generic	  Correctness	  Proof	  

•  Proof	  by	  induc-on	  on	  the	  structure	  of	  e:	  	  
µ(e)	  ∈	  γ(σ(e))	  	  

	  
µ(e1	  op	  e2)	  	  
=	  µ(e1)	  	  op	  	  µ(e2)	   	  	  	  	  	  	  	  	  	  [defini-on	  of	  µ]	  
∈	  γ(σ(e1))	  	  op	  	  γ(σ(e2))	  	  	  [induc-on]	  
⊆	  γ(σ(e1)	  	  op	  	  σ(e2))	   	  	  	  	  	  [local	  correctness]	  
=	  γ(σ(e1	  	  op	  	  e2))	   	   	  	  	  	  	  [defini-on	  of	  σ]	  
	  	  
	  



Another	  No-on	  of	  Correctness	  

•  We	  can	  define	  correctness	  using	  abstrac-on	  
instead	  of	  concre-za-on.	  	  
	   	  µ(e)	  ∈	  γ(σ(e))	  ⇔	  α({µ(e)})	  ≤	  σ(e)	  	  

	  
	  Proof	  for	  ⇒	  direc-on:	  
	  µ(e)	  ∈	  γ(σ(e))	  

	   	  α({µ(e)})	  ≤	  α(γ(σ(e)))	  	  	  	  	  	  	   	   	  [monotonicity]	  
	  α({µ(e)})	  ≤	  σ(e)	  	  	  	  	  	  	  	  	  	  	  	   	   	   	  [α	  o	  γ	  =	  id]	  

	  



Another	  No-on	  of	  Correctness	  

	  µ(e)	  ∈	  γ(σ(e))	  ⇔	  α({µ(e)})	  ≤	  σ(e)	  	  
	  
Proof	  for	  ⇐	  direc-on:	  	  
α({µ(e)})	  ≤	  σ(e)	  	  
γ(α({µ(e)}))	  ≤	  γ(σ(e))	  	  	  	  	  	  	  	  	  [	  monotonicity	  ]	  
µ(e)	  ∈	  γ(σ(e))	   	   	  	  	   	  	   	  	  [	  id	  ≤	  γ	  o	  α	  ]	  
	  



Extending	  Our	  Language	  

•  Add	  input	  to	  the	  language	  
– Modeled	  as	  a	  single	  free	  variable	  x	  in	  
expressions	  

	  e	  =	  i	  |	  e	  *	  e	  |	  -‐e	  |	  e	  +	  e	  |	  …	  |	  x	  



Seman-cs	  

•  The	  meaning	  func-on	  now	  has	  type	  	  
	  µ	  :	  Exp	  →	  Int	  →	  Int	  

•  We	  write	  the	  func-on	  with	  the	  expression	  as	  a	  
subscript.	  	  
	  µi(j)	  =	  i	  	  

	  	  	  	  	  µx(j)	  =	  j	  	  
	  	  	  	  	  µe1*e2(j)	  =	  µe1(j)	  *	  µe2(j)	  	  
	  	  	  	  	  µe1+e2(j)	  =	  µe1(j)	  +	  µe2(j)	  	  
	  …	  



Abstract	  Seman-cs	  

•  Abstract	  seman-c	  func-on:	  	  
	  σ	  :	  Exp	  →	  A	  →	  A	  	  

•  Also	  write	  this	  seman-cs	  in	  the	  same	  form.	  	  
	  σi(j)	  =	  i	  

	  	  	  	  	  σx(j)	  =	  j	  	  
	  	  	  	  	  σe1*e2(j)	  =	  σe1(j)	  *	  σe2(j)	  
	  	  	  	  	  σe1+e2(j)	  =	  σe1(j)	  +	  σe2(j)	  
	  	  	  	  	  …	  …	  	  
	  	  	  	  	  i	  =	  α({i})	  	  



Correctness	  

•  The	  correctness	  condi-on	  needs	  to	  be	  
generalized.	  	  

•  This	  is	  the	  first	  real	  use	  of	  the	  abstrac-on	  
func-on.	  	  

•  The	  following	  are	  all	  equivalent:	  	  
– ∀i	  .	  µe(i)	  ∈	  	  γ(σe(α({i})))	  	  
– µe	  ≤D	  γ	  	  o	  	  σe	  o	  α	  	  
– α	  o	  µe	  ≤A	  σe	  o	  α	  	  

A	  

µe∈2D	  

σe	  
γ	  

2D	  

A	  

α	   ≤	  	  
α	  	  	  



Local	  Correctness	  

•  We	  also	  need	  a	  modified	  local	  correctness	  
condi-on.	  	  

op(γ(σe1(j)),	  ...	  ,	  γ(σen(j)))	  	  	  	  	  ⊆	  	  	  	  γ(op(σe1(j),	  ...,	  σen(j)))	  



Proof	  of	  Correctness	  
•  Theorem:	  µe(j)	  ∈	  γ(σe(j))	  	  
	  
•  Proof	  (by	  induc-on	  on	  the	  structure	  of	  e):	  

	  	  
Base	  case:	  µi(j)	  =	  i	  ∈	  γ(i)	  =	  γ	  (σi(j))	  

	  	  	  	   	   	   	  	  	  	  	  	  µx(j)	  =	  j	  ∈	  γ(j)	  =	  γ	  (σx(j))	  	  
	  
Induc-on	  on	  µop(e1,...,en)(j):	  
=	  op(µe1(j),	  ...,	  µen(j))	   	   	  	  [	  defini-on	  of	  µ	  ]	  
∈	  	  op(γ(σe1(j)),	  ...,	  γ(σen(j))	  	  [	  induc-on	  ]	  
⊆	  	  γ	  (op(σe1(j),	  ...,	  σen(j)))	  	  	  	  [	  local	  correctness	  ]	  
=	  	  γ	  (σop(e1,...,en)(j))	   	  	   	  	  	  	  	  	  	  	  [	  defini-on	  of	  σ	  ]	  



If-‐Then-‐Else	  
•  e	  =...	  |	  if	  e	  =	  e	  then	  e	  else	  e	  |...	  

•  µif	  e1=e2	  then	  e3	  else	  e4	  (i)	  =	  µe3(i),	  if	  µe1(i)	  =	  µe2(i)	  
	  	  =	  µe4(i),	  otherwise	  

	  
•  σif	  e1=e2	  then	  e3	  else	  e4	  (i)	  =	  σe3(i)	  ⊔	  σe4(i)	  

•  Recall	  that	  the	  abstract	  domain	  forms	  a	  
complete	  lapce	  



Correctness	  of	  If-‐Then-‐Else	  
•  Need	  to	  show	  that:	  µe(j)	  ∈	  γ(σe(j))	  	  
– Where	  e	  is	  an	  if-‐then-‐else	  

•  Assume	  the	  true	  branch	  is	  taken.	  	  
•  (The	  argument	  for	  the	  false	  branch	  is	  
symmetric.)	  	  

µe3(i)	  	  
∈	  	  γ	  (σe3(i))	   	   	   	  	  	  	  	  	  	  	  	  	  	  [	  by	  induc-on	  ]	  
⊆	  	  γ(σe3(i))	  ⊔	  γ(σe4(i))	  
⊆	  	  γ(σe3(i)	  ⊔	  σe4(i))	  	   	  [	  by	  monotonicity	  of	  γ	  ]	  



Designing	  an	  Abstract	  Interpreta-on	  

•  Define	  abstract	  domain	  
– Needs	  to	  be	  a	  lapce	  

•  Define	  the	  abstrac-on	  and	  concre-za-on	  
func-ons	  
– σ	  :	  D	  →	  A	  
– α:	  2D	  →	  A	  

•  α(S)	  =	  lub(σ(s)),	  for	  all	  s	  ∈	  S	  
–  γ:	  A	  →	  2D	  

•  For	  every	  expression,	  define	  how	  to	  operate	  in	  
the	  abstract	  domain	  


