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1 Linearly separable case

Recall from the lecture that the SVM problem is given as:
Hul)l’? 3 Z?:1 w;
st yi(wla;—t)>1 Vi=1,...,n

This lead to defining the Lagrangian of problem (1) as
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L(w,t,a) = 2210 —Zazyzw x;—t)—1).
Exercise: the optimization problem

minmax L(w,t, «)
w,t «

st. ;>0 Vi=1,...,n
is the same as problem (1).
Now, the dual representation of problem (1) is the following:

maxmin L(w,t,a)
e w,t

st. a; >0 Vi=1,....n

Let us solve 2:

N | =
NgE

n
L(w,t,a) = wj2 - Zai(yi(wai —t)—1)
i=1

(Z azy1x2> +t (Z a1y1> + Z a;

If > | ay; # 0, then taking ¢ — 400 (the sign being the opposite of Y ;| a;y;)
leads to L(w, t,a) — —oo. Therefore Y- ; o;y; = 0 should hold, as a constraint
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for a. Thus (2) is equivalent to

maxmin L(w,t,a)
e w,t

st. a; >0 Vi=1,....n
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When > | auy; = 0, we have
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so L(w,t,a) is a convex and differentiable function of w. We can therefore
minimize over w by taking the derivative over w and setting it to 0. Namely,
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So V., L(w,t, ) = 0 if and only if @ = Y.~ ; oy, x;. We finally found the values
of w and ¢ that solve

maxmin L(w,?,q)
[ w,t

st. ;>0 Vi=1,...,n
S oy =0

Let us plug these values into L(w, ¢, a): we obtain
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so the optimization problem 2 becomes
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st. ;>0 Vi=1,...,n
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This last problem is the dual representation of SVM.



2 Non linearly separable case

The SVM problem becomes then

. d n

min 32w +C Y &

st yi(wle, —t)>1-& Vi=1,...,n (3)
6220 Vizl,...,n

The Lagrangian of problem (3) is

(wtﬁ,aﬂ Zw +CZ€1 Zal yzw "Zjlit 1 gl Zﬁzfz

and the dual representation of problem (3) is the following:

maxmln La(w,t,&, a, B)
a,B w,t,

st. ;>0 Vi=1,...,n (4)
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We remark that

n
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i=1
A similar argument as the one leading to Z?:l a;y; = 0, implies that C' — a; —
B; = 0. Since 5; >0, C —«; — 3; = 0 holds a;; < C. Thus (4) becomes
max 3T = 5 Yoy Doy Gl T
st. 0<o; <C Vi=1,...,n
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