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AdministraIve	  stuff	  	  

•  Office	  hours	  
•  Discussion	  board	  	  
•  Anonymous	  feedback	  form	  
•  Contact:	  
•  No	  Quiz	  secIons	  
•  Check	  the	  webpage	  regularly	  
•  Will	  have	  secIons	  on	  probability	  and	  linear	  
algebra	  

cse446-‐staff@cs.washington.edu	  



1.2. Supervised learning 3

(a) (b)

Figure 1.1 Left: Some labeled training examples of colored shapes, along with 3 unlabeled test cases.

Right: Representing the training data as an N ⇥D design matrix. Row i represents the feature vector xi.

The last column is the label, yi ⌅ {0, 1}. Based on a figure by Leslie Kaelbling.

1.2 Supervised learning

We begin our investigation of machine learning by discussing supervised learning, which is the

form of ML most widely used in practice.

1.2.1 Classification

In this section, we discuss classification. Here the goal is to learn a mapping from inputs x
to outputs y, where y ⌦ {1, . . . , C}, with C being the number of classes. If C = 2, this is

called binary classification (in which case we often assume y ⌦ {0, 1}); if C > 2, this is called
multiclass classification. If the class labels are not mutually exclusive (e.g., somebody may be

classified as tall and strong), we call it multi-label classification, but this is best viewed as

predicting multiple related binary class labels (a so-called multiple output model). When we

use the term “classification”, we will mean multiclass classification with a single output, unless

we state otherwise.

One way to formalize the problem is as function approximation. We assume y = f(x) for
some unknown function f , and the goal of learning is to estimate the function f given a labeled

training set, and then to make predictions using ŷ = f̂(x). (We use the hat symbol to denote

an estimate.) Our main goal is to make predictions on novel inputs, meaning ones that we have

not seen before (this is called generalization), since predicting the response on the training set

is easy (we can just look up the answer).

1.2.1.1 Example

As a simple toy example of classification, consider the problem illustrated in Figure 1.1(a). We

have two classes of object which correspond to labels 0 and 1. The inputs are colored shapes.

These have been described by a set of D features or attributes, which are stored in an N ⇥D
design matrix X, shown in Figure 1.1(b). The input features x can be discrete, continuous or a

combination of the two. In addition to the inputs, we have a vector of training labels y.
In Figure 1.1, the test cases are a blue crescent, a yellow circle and a blue arrow. None of

these have been seen before. Thus we are required to generalize beyond the training set. A



A	  learning	  problem:	  predict	  fuel	  efficiency	  

From	  the	  UCI	  repository	  (thanks	  to	  Ross	  Quinlan)	  

•  40	  Records	  
•  Discrete	  data	  

(for	  now)	  

•  Predict	  MPG	  

•  Need	  to	  find:	  
f  : X à Y 

mpg cylinders displacement horsepower weight acceleration modelyear maker

good 4 low low low high 75to78 asia
bad 6 medium medium medium medium 70to74 america
bad 4 medium medium medium low 75to78 europe
bad 8 high high high low 70to74 america
bad 6 medium medium medium medium 70to74 america
bad 4 low medium low medium 70to74 asia
bad 4 low medium low low 70to74 asia
bad 8 high high high low 75to78 america
: : : : : : : :
: : : : : : : :
: : : : : : : :
bad 8 high high high low 70to74 america
good 8 high medium high high 79to83 america
bad 8 high high high low 75to78 america
good 4 low low low low 79to83 america
bad 6 medium medium medium high 75to78 america
good 4 medium low low low 79to83 america
good 4 low low medium high 79to83 america
bad 8 high high high low 70to74 america
good 4 low medium low medium 75to78 europe
bad 5 medium medium medium medium 75to78 europe

X 	  Y	  



How	  to	  Represent	  our	  FuncIon?	  
mpg cylinders displacement horsepower weight acceleration modelyear maker

good 4 low low low high 75to78 asia
bad 6 medium medium medium medium 70to74 america
bad 4 medium medium medium low 75to78 europe
bad 8 high high high low 70to74 america
bad 6 medium medium medium medium 70to74 america
bad 4 low medium low medium 70to74 asia
bad 4 low medium low low 70to74 asia
bad 8 high high high low 75to78 america
: : : : : : : :
: : : : : : : :
: : : : : : : :
bad 8 high high high low 70to74 america
good 8 high medium high high 79to83 america
bad 8 high high high low 75to78 america
good 4 low low low low 79to83 america
bad 6 medium medium medium high 75to78 america
good 4 medium low low low 79to83 america
good 4 low low medium high 79to83 america
bad 8 high high high low 70to74 america
good 4 low medium low medium 75to78 europe
bad 5 medium medium medium medium 75to78 europe

mpg cylinders displacement horsepower weight acceleration modelyear maker

good 4 low low low high 75to78 asia
bad 6 medium medium medium medium 70to74 america
bad 4 medium medium medium low 75to78 europe
bad 8 high high high low 70to74 america
bad 6 medium medium medium medium 70to74 america
bad 4 low medium low medium 70to74 asia
bad 4 low medium low low 70to74 asia
bad 8 high high high low 75to78 america
: : : : : : : :
: : : : : : : :
: : : : : : : :
bad 8 high high high low 70to74 america
good 8 high medium high high 79to83 america
bad 8 high high high low 75to78 america
good 4 low low low low 79to83 america
bad 6 medium medium medium high 75to78 america
good 4 medium low low low 79to83 america
good 4 low low medium high 79to83 america
bad 8 high high high low 70to74 america
good 4 low medium low medium 75to78 europe
bad 5 medium medium medium medium 75to78 europe

f  (	   ) !	  

ConjuncIons	  in	  ProposiIonal	  Logic?	  
	  

maker=asia	  	  ∧	  	  weight=low	  

Need	  to	  find	  “Hypothesis”:	  	  	  	  	  	  	  f  : X à Y 



Restricted	  Hypothesis	  Space	  

•  Many	  possible	  representaIons	  
•  Natural	  choice:	  conjunc&on	  of	  aGribute	  constraints	  
•  For	  each	  aGribute:	  

–  Constrain	  to	  a	  specific	  value:	  eg	  maker=asia	  
–  Don’t	  care:	  ?	  

•  For	  example	  
	  	  	  	  	  maker	  	  cyl	  	  	  	  displace	  	  weight	  	  	  accel	  ….	  
	  	  	  	  	  asia	  	  	  	  	  	  	  	  ?	  	  	  	  	  	  	  	  	  	  ?	  	  	  	  	  	  	  	  	  	  	  	  low	  	  	  	  	  	  	  	  	  ?	  
Represents	  maker=asia	  ∧	  weight=low	  



Consistency	  
•  Say	  an	  “example	  is	  consistent	  with	  a	  hypothesis”	  when	  the	  
example	  logically	  sa*sfies	  the	  hypothesis	  

•  Hypothesis: 	  	  maker=asia	  ∧	  weight=low	  
	  maker	  	  cyl	  	  	  	  displace	  	  weight	  	  	  accel	  ….	  
	  	  	  	  	  asia	  	  	  	  	  	  	  	  ?	  	  	  	  	  	  	  	  	  	  ?	  	  	  	  	  	  	  	  	  	  	  	  low	  	  	  	  	  	  	  	  	  ?	  

•  Examples:	  
	  

asia	  	   5	   low	  	   low	   low	   …	  

usa	   4	   low	   low	   low	   …	  



Ordering	  on	  Hypothesis	  Space	  

x1	   asia	  	   5	   low	  	   low	   low	  

x2	   usa	   4	   med	   med	   med	  

h1:	  maker=asia	  ∧	  accel=low	  

h3:	  maker=asia	  ∧	  weight=low	  
h2:	  maker=asia	  



Ok,	  so	  how	  does	  it	  perform?	  

Version	  Space	  Algorithm	  



How	  to	  Represent	  our	  FuncIon?	  
mpg cylinders displacement horsepower weight acceleration modelyear maker

good 4 low low low high 75to78 asia
bad 6 medium medium medium medium 70to74 america
bad 4 medium medium medium low 75to78 europe
bad 8 high high high low 70to74 america
bad 6 medium medium medium medium 70to74 america
bad 4 low medium low medium 70to74 asia
bad 4 low medium low low 70to74 asia
bad 8 high high high low 75to78 america
: : : : : : : :
: : : : : : : :
: : : : : : : :
bad 8 high high high low 70to74 america
good 8 high medium high high 79to83 america
bad 8 high high high low 75to78 america
good 4 low low low low 79to83 america
bad 6 medium medium medium high 75to78 america
good 4 medium low low low 79to83 america
good 4 low low medium high 79to83 america
bad 8 high high high low 70to74 america
good 4 low medium low medium 75to78 europe
bad 5 medium medium medium medium 75to78 europe

mpg cylinders displacement horsepower weight acceleration modelyear maker

good 4 low low low high 75to78 asia
bad 6 medium medium medium medium 70to74 america
bad 4 medium medium medium low 75to78 europe
bad 8 high high high low 70to74 america
bad 6 medium medium medium medium 70to74 america
bad 4 low medium low medium 70to74 asia
bad 4 low medium low low 70to74 asia
bad 8 high high high low 75to78 america
: : : : : : : :
: : : : : : : :
: : : : : : : :
bad 8 high high high low 70to74 america
good 8 high medium high high 79to83 america
bad 8 high high high low 75to78 america
good 4 low low low low 79to83 america
bad 6 medium medium medium high 75to78 america
good 4 medium low low low 79to83 america
good 4 low low medium high 79to83 america
bad 8 high high high low 70to74 america
good 4 low medium low medium 75to78 europe
bad 5 medium medium medium medium 75to78 europe

f  (	   ) !	  

General	  ProposiIonal	  Logic?	  
	  

maker=asia	  	  ∨	  	  weight=low	  

Need	  to	  find	  “Hypothesis”:	  	  	  	  	  	  	  f  : X à Y 



Hypotheses: decision trees  f  : X à Y 
•  Each	  internal	  node	  

tests	  an	  aGribute	  xi	  

•  Each	  branch	  assigns	  
an	  aGribute	  value	  
xi=v	  

•  Each	  leaf	  assigns	  a	  
class	  y 	  

•  To	  classify	  input	  x:	  
traverse	  the	  tree	  
from	  root	  to	  leaf,	  
output	  the	  labeled	  y 	  

Cylinders	  

3	   4	   5	   6	   8	  

good	   bad	   bad	  Maker	   Horsepower	  

low	   med	   high	  america	   asia	   europe	  

bad	   bad	  good	  good	   good	  bad	  



Hypothesis space 
•  How	  many	  possible	  
hypotheses?	  

•  What	  funcIons	  can	  be	  
represented?	  

mpg cylinders displacement horsepower weight acceleration modelyear maker

good 4 low low low high 75to78 asia
bad 6 medium medium medium medium 70to74 america
bad 4 medium medium medium low 75to78 europe
bad 8 high high high low 70to74 america
bad 6 medium medium medium medium 70to74 america
bad 4 low medium low medium 70to74 asia
bad 4 low medium low low 70to74 asia
bad 8 high high high low 75to78 america
: : : : : : : :
: : : : : : : :
: : : : : : : :
bad 8 high high high low 70to74 america
good 8 high medium high high 79to83 america
bad 8 high high high low 75to78 america
good 4 low low low low 79to83 america
bad 6 medium medium medium high 75to78 america
good 4 medium low low low 79to83 america
good 4 low low medium high 79to83 america
bad 8 high high high low 70to74 america
good 4 low medium low medium 75to78 europe
bad 5 medium medium medium medium 75to78 europe

Cylinders	  

3	   4	   5	   6	   8	  

good	   bad	   bad	  Maker	   Horsepower	  

low	   med	   high	  america	   asia	   europe	  

bad	   bad	  good	  good	   good	  bad	  



What	  funcIons	  can	  be	  represented?	  

cyl=3	  ∨	  (cyl=4	  ∧	  (maker=asia	  ∨	  maker=europe))	  ∨	  …	  

Cylinders	  

3	   4	   5	   6	   8	  

good	   bad	   bad	  Maker	   Horsepower	  

low	   med	   high	  america	   asia	   europe	  

bad	   bad	  good	  good	   good	  bad	  

•  Decision	  trees	  can	  represent	  
any	  boolean	  funcIon!	  

•  But,	  could	  require	  
exponenIally	  many	  nodes…	  



Hypothesis space 
•  How	  many	  possible	  
hypotheses?	  

•  What	  funcIons	  can	  be	  
represented?	  

•  How	  many	  will	  be	  
consistent	  with	  a	  given	  
dataset?	  

•  How	  will	  we	  choose	  the	  
best	  one?	  

mpg cylinders displacement horsepower weight acceleration modelyear maker

good 4 low low low high 75to78 asia
bad 6 medium medium medium medium 70to74 america
bad 4 medium medium medium low 75to78 europe
bad 8 high high high low 70to74 america
bad 6 medium medium medium medium 70to74 america
bad 4 low medium low medium 70to74 asia
bad 4 low medium low low 70to74 asia
bad 8 high high high low 75to78 america
: : : : : : : :
: : : : : : : :
: : : : : : : :
bad 8 high high high low 70to74 america
good 8 high medium high high 79to83 america
bad 8 high high high low 75to78 america
good 4 low low low low 79to83 america
bad 6 medium medium medium high 75to78 america
good 4 medium low low low 79to83 america
good 4 low low medium high 79to83 america
bad 8 high high high low 70to74 america
good 4 low medium low medium 75to78 europe
bad 5 medium medium medium medium 75to78 europe

•  Lets	  first	  look	  at	  how	  to	  split	  
nodes,	  then	  consider	  how	  to	  find	  
the	  best	  tree	  

Cylinders	  

3	   4	   5	   6	   8	  

good	   bad	   bad	  Maker	   Horsepower	  

low	   med	   high	  america	   asia	   europe	  

bad	   bad	  good	  good	   good	  bad	  



What	  is	  the	  
Simplest	  Tree?	  

mpg cylinders displacement horsepower weight acceleration modelyear maker

good 4 low low low high 75to78 asia
bad 6 medium medium medium medium 70to74 america
bad 4 medium medium medium low 75to78 europe
bad 8 high high high low 70to74 america
bad 6 medium medium medium medium 70to74 america
bad 4 low medium low medium 70to74 asia
bad 4 low medium low low 70to74 asia
bad 8 high high high low 75to78 america
: : : : : : : :
: : : : : : : :
: : : : : : : :
bad 8 high high high low 70to74 america
good 8 high medium high high 79to83 america
bad 8 high high high low 75to78 america
good 4 low low low low 79to83 america
bad 6 medium medium medium high 75to78 america
good 4 medium low low low 79to83 america
good 4 low low medium high 79to83 america
bad 8 high high high low 70to74 america
good 4 low medium low medium 75to78 europe
bad 5 medium medium medium medium 75to78 europe

Is	  this	  a	  good	  tree?	  

[22+,	  18-‐]	   	  Means:	  	  
	  	  	  correct	  on	  22	  examples	  
	  	  	  incorrect	  on	  18	  examples	  

predict	  
mpg=bad	  



A	  Decision	  Stump	  



Recursive	  Step	  

Take	  the	  
Original	  
Dataset..	  

And	  parIIon	  it	  
according	  
to	  the	  value	  of	  
the	  aGribute	  we	  
split	  on	  

Records	  in	  
which	  

cylinders	  =	  
4	  	  

Records	  in	  
which	  

cylinders	  =	  
5	  

Records	  in	  
which	  

cylinders	  =	  
6	  	  

Records	  in	  
which	  

cylinders	  =	  
8	  



Recursive	  Step	  

Records	  in	  which	  
cylinders	  =	  4	  	  

Records	  in	  which	  
cylinders	  =	  5	  

Records	  in	  which	  
cylinders	  =	  6	  	  

Records	  in	  which	  
cylinders	  =	  8	  

Build	  tree	  from	  
These	  records..	  

Build	  tree	  from	  
These	  records..	  

Build	  tree	  from	  
These	  records..	  

Build	  tree	  from	  
These	  records..	  



Second	  level	  of	  tree	  

Recursively	  build	  a	  tree	  from	  the	  seven	  
records	  in	  which	  there	  are	  four	  cylinders	  and	  
the	  maker	  was	  based	  in	  Asia	  

(Similar	  recursion	  in	  the	  
other	  cases)	  



A	  full	  tree	  



Are	  all	  decision	  trees	  equal?	  
•  Many	  trees	  can	  represent	  the	  same	  concept	  
•  But,	  not	  all	  trees	  will	  have	  the	  same	  size!	  

–  e.g.,	  φ	  =	  (A	  ∧	  B)	  ∨	  (¬A	  ∧ C)	  -‐-‐	  ((A	  and	  B)	  or	  (not	  A	  and	  C))	  

A	  	  

B	   C	  

t	  

t	  

f	  

f	  

+	   _	  
t	   f	  

+	   _	  

•  Which	  tree	  do	  we	  prefer?	  
•  Smaller	  tree	  has	  more	  examples	  at	  each	  leaf!	  

B	  

C	   C	  

t	   f	  

f	  

+	  
t	   f	  
+	   _	  

A	  
t	   f	  
A	  

_	   +	  

_	  
t	   t	   f	  



Learning	  decision	  trees	  is	  hard!!!	  

•  Learning	  the	  simplest	  (smallest)	  decision	  tree	  is	  
an	  NP-‐complete	  problem	  [Hyafil	  &	  Rivest	  ’76]	  	  

•  Resort	  to	  a	  greedy	  heurisIc:	  
– Start	  from	  empty	  decision	  tree	  
– Split	  on	  next	  best	  aAribute	  (feature)	  
– Recurse	  



What	  defines	  a	  good	  aGribute?	  

23	  

Ideal	  split	  

Which	  one	  do	  you	  prefer?	  


