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Reinforcement Learning

training by feedback




Learning to act

m Reinforcement learning

m An agent
1 Makes sensor observations
1 Must select action
1 Receives rewards
= positive for “good” states
= negative for “bad” states

[Ng et al. ’05]
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Markov Decision Process (MDP)

B} Regresentation

A

State space:
1 Joint state x of entire system

m Action space:
o Joint action a= {a;,..., a,} for all agents
-

m  Reward function:
[ Total reward R(x,a)

= sometimes reward can depend on actio
vl
J dont] v it
~at afinig

Transition model:
1 Dynamics of the entire system P(x’|x,a)
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Discount Factors  y¢[o))
" JE

People in economics and probabilistic decision-making do
this all the time.

The “Discounted sum of future rewards” using discount
factory” is

(reward now) +
v (reward in 1 time step) +

¥ 2 (reward Im2-time steps) +

v 3 (reward in 3 time steps) +

(infinite sum)

O T L
The Academic Life eetoe

[ | — ¢
Define: 0_7— 0 e .

VA = Expected discounted future rewards starting in state A : Z D + X ( 0. 6 \/A (- 0- 2 V} + 02 Vs ) n h'\k

“\q

V = Expected discounted future rewards starting in state B =

B_ T §o + X(o‘(,V(, FO7Vs +0. VT‘) ’i-u‘
Vi= -« - g e
VS = - ‘ : : s '2'\15,
VD = . . . . < -« )‘J (3.7 o{

How do we compute V,, Vg, V4, Vg, Vp ? ej,,,. . ',\i‘f‘.
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POliC;

el At state x,

» action a for all
agents

Az
n(x,) = both peasants get wood

—

n(X4) = one peasant builds
barrack, other gets gold

n(x,) = peasants get gold,
footmen attack
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Expected Iong-\

_ Value of Policx
term reward

Value: V_(x) »
- vala Cmediakt WPV Starting from x

stert | ValXo) = EoR(X) + 7 R(x;) + 12 R(x,) +
fromx, A< V3 R(X) + 74 R(X,) + ...]

=

Future rewards
discounted by y in [0,1)

vee




Computing the value of a policy

. _dvn(xo) = ELR(X) + 1 R(X;) + 12 R(x;) +
v° R(X3) + v R(x,) +...]
m Discounted value of a state:
value of starting from_)iO and continuing with policy & from then on
V_7r_($_0) = Er [lfzg_wo) +R(e1) + 723(?7.2) + 73}%_(:?3) + -
= Ex[Y +'R(1)] i )
m Arecursion] | \—F—/ 1 (L ]
) - Eal7 Y] = FalRATZER
t= 6 4 L/“"‘//
TRUL) + ¥ Eq [K(x.hf‘ b K(Yt\) \wer Mk
L\,/Ll_'_\_,l Nn 2 {c.q‘ioni My,
A (3(;) A Unknons | Jouu
= RO L5 T Pl 1) () Frimd )
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Simple approach for computing the

v‘ (W‘.l\

. alue of a policy: Iteratively )”?f.?;m m

Ve(z) = R(z) +7) P@'|z,a=m(2))Vr(z'

m Can solve using a simple convergent iterative approach:

(a.k.a. dynamic programming) \/o()() - g(,o shmsk fa.
Start with some guess V0 ¢ previst
Iteratively say: / N o

[ Vﬂé-’_l(l’) — R(m) + ’)/ZP(.’B/ | T,a = W(m))v"g(w/)
e, . 2! el
eyl
Stop when |_|\_/,g..|—\z||oo <t
= means that ||Vn-\/£;.‘||w <e/(1-y)

r‘ew is Clow fo s velr
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But we want to learn a Policy

m So far, told you how good a m
Solicy is... >
m But how can we choose the S |

best policy???

At state x, action
a for all agents

n(X,) = both peasants get wood
—

7(x4) = one peasant builds
barrack, other gets gold

m Suppose there was only one "~
time step: V*"({);o e ) = peasans et gl

- world is about to end!!l € T
1 select action that maximizes

reward! V(’Q = ey @(’(u“)
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. . ghks
Unrolling the recursion ~

" JEEE
m Choose actions that lead to best value in the long run
[ Optimal value policy achieves optimal value V"

V*(zo) = maxR(zo,a0) + 7Eao[mMax R(z1) + 72Ea1[”}lg>< R(z) +--]]

. {. /
V()
O N YNE My N un kneens
0 G CV (‘l.\} y ) W)
= pertte ad V71X
= e N H? N o
{\\ bid ot I‘\'v.svl
f"'\— [sav Mmekr o avesion
5 ot youw buid 1y
g
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Bellman equation
" JEE
m Evaluating policy m:
Ve(z) = R(xz)+ ’yZP(:c’ | 2,0 = 7(x))Vx(z')

— 2!

.

m Computing the optimal value V" - Bellman equation

V*(x) = max R(x,a) + yEP(X'| x,a)l/*(x')
I VR X

A = Wimas Rito) +Y 2 ?(«'Ix,c\)V*[*'B
N *
.\ oot orl\m«“l)

_ OEtimaI Long-term Plan

Optimal value : . *
Fuotion V(<) » Optimal Policy: m'(x)

Optimal policy:
7 (X) = argmax R(x,a) + }/EP(X'| x,a)V (x")




N Sby  Lut ™ Dine VS

Interesting fact — Unique value "¢
" JEE
V¥ (x) = max R(x,a) + )/EP(X'| x,a)l " (x")

m Slightly surprising fact. There is only one l/ that solves
Bellman equation!

- s e,

m Surprising fact. optimal policies are good everywhere!!!
\ —— —_—————"

Vo(x) > Vi(x), Vo, Vr
. S,

i My

an o{km\

Miew
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Solving an MDP

Solve . -
Optimal Optimal
value V(x) policy 7*(x)

equation

Bellman
V¥ (x) = max R(x,a) + }/EP(X'| x,a)l"(x')

Bellman equation is non-linear!!!
Many algorithms solve the Bellman equations:

m Policy iteration [Howard ‘60, Bellman ‘57]
k——_.‘.

m Value iteration [Bellman ‘57] &

m Linear programming [Manne ‘60]
— 7
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Value iteration (a.k.a. dynamic programming) —
the simplest of all

V@) = R(@,a) 47X P | 2,0 = n(@)V*()
1 (+,4)
m Start with some guess Vo () M:( k valw L
m |teratively say: J P::I;
" V*(@) — maxR(z,a)++) P@'|z,a)V'(2)

x!

\ '& N R II
m Stop when |IV§,¢-V4IIOQ <e me ':}v?‘c"_'?
means that ||V*-\/$21||oo < ¢l(1-y) n¢ /\51'7 f
Ax Fa i RUGZ6
Vie -I‘b V*
Convirg v
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A simple example

You run a
startup
company.

In every
state you
must
choose
between
Saving
money or
Advertising.

Famous
+10

Unknown
+10
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Let's comg%te V,(x) for our example

t | V(PU) | V{(PF) | V{(RU) | V{(RF)
1 N 0 lo lo
2| 245
3
7
5
6

YL(PF) mat A JO+Y VRRE) o
)

| i
ot (VI V(1R): 09104 Lig: g

V= (x)=max R(x,a)+ yE Px'lx,a)V'(x")
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Let’'s compute V(x) for our example

~

VY(PU) | V{(PF) | V{(RF) | V{(RU)

0 0 10 10

0 4.5 14.5 19

203 | 6.53 | 25.08 | 18.55

12.20 | 29.63 | 19.26

7.22 | 15.07 20.40

o alslw(N|(-
w
o°)
a1
N

32,00
10.03 | 17.65 |(33.58/| 22.43
N—"

(LHQ’ L5
Ve(x) = meR(X,a)+)/EP(X'|X,a)V’(X') U:
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What you need to know
* JE—
m What’s a Markov decision process
state, actions, transitions, rewards
a policy
value function for a policy
= computing V,
m Optimal value function and optimal policy
Bellman equation
m Solving Bellman equation

with value iteration, policy iteration and linear
programming
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Acknowledgment
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m This lecture contains some material from Andrew
Moore’s excellent collection of ML tutorials:

http://www.cs.cmu.edu/~awm/tutorials
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The Reinforcement Learning task
" I

World: You are in state 34.

Your immediate reward is 3. You have possible 3 actions.
~ 1

Robot:  I'll take action 2. [
World: You are in state 77.

Your immediate reward is;?. You have possible 2 actions. |
Robot: Il take action 1.
World: You're in state 34 (again).

Your immediate reward is 3. You have possible 3 actions.

{
(
— \y
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Formalizing the (online)
. reinforcement learning problem
N
m Given a set of states X and actions A
in some versions of the problem size of X and A unknown

m Interact with world at each time step &
world gives state x; and reward r, Yt Wy G = \(w
you give next action a,

-~

m Goal: (quickly) learn policy that (approximately)
maximizes long-term expected discounted reward
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