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(One) bad case for k-means
m Clusters may overlap

m Some clusters may be
“‘wider” than others




Gaussians in m Dimensions
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Gaussian Bayes Classifier
" JEE

m You have a Gaussian over x for each class y=i:
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Predicting wealth from age
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Learning modelyear , of on oo,
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Aligned: O(m)
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Spherical: @(1jn¢
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Spherical: O(1)
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Next...

back to Density Estimation
* JEE—
What if we want to do density estimation with
multimodal or clumpy data?
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Myt 92 Zeiny=d
But we don’t see class Iabels”'

" JEEE— )
m MLE: in chssificdon 'X)’Sﬁf(r, Y(u} , '7)’{6,;4"\, A
argmax [J; P(yJ',‘xJ')

[0 R —

e Alisgen @ \/c.»'.a';k
m But we don’t know yi!!!

m Maximize marginal likelihood:
argmax [, P(x) = argmax [; 3;-4* P(y'=i,x)
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SpeC|aI case: spherical Gaussians
57 b < Plel) )

o
. gng harg assugnments o

PO=ix)m m xp[—%(xf—ui)Tzzl(xf—ui)]P<y=i)

= |f P(X|Y=i) is spherical, with same o for all classes: 2 = K"’i 6 )
. . 1
Px’'ly=i)ox exp[— X' — U,
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2] 0 e
.x-r"

m [f each x belongs to one class C(J) (hard aSS|gnment) marginal likelihood:
PU=1= | GLGY
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m Same as K-means!!!
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The GMM assumption

" JEE

* There are .If_components

» Component j has an associated

mean vector u, u,
Hy
Us
The GMM assumption ;i k-l s,

[ |

mean vector u,

* Each component generates data
from a Gaussian with mean m;and
covariance matrix ol =g

according to the following recipe:

There are k components

Component i has an associated

Each data point is generated
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‘.
Each data point is generated Y

The GMM assumption
« B

There are k components

Component i has an associated
mean vector u,

Each component generates
data from a Gaussian with
mean m;and covariance matrix
oI oy

according to the following
recipe:

Pick a component at random:
Choose component i
probability P(y=i)

©Carlos Guestrin 2005-2013 19

Each data point is generated

The GMM assumption
N

There are k components

Component i has an associated
mean vector y,

Each component generates
data from a Gaussian with

mean m;and covariance matrix 1 X )
oI N (e, Z,

according to the following
recipe:

Pick a component at random:
Choose component i with
probability P(y=i)

2. Datapoint ~ N(u,, o°I')
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The General GMM assumption

" SN 3>¢f>°*F°'“”‘N
. Therearekcomponents ,tJP(Y)

Component i has an associated

mean vector & x; ‘_"# T

fe o
-1 i ‘l‘:j
Jh\p

J/uf«

Each component generates
data from a Gaussian with
mean j;and covariance matrix
>

]

Each data point is generated .
according to the following \ —_ - &
recipe: ~

1. Pick a component at random:
Choose component i with
probability P(y=i)

2. Datapoint ~ N(fﬁ,, 3)
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Unsupervised Learning with

Mixtures of Gaussians

EM Algorithm
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Supervised Learnl g of Mlxtureﬁ)

of Gaussians K ol 4
" (Mm..“u) K (r\(“m)
m  Mixtures of Gaussians: v K'l peres K =
Prior class probabilities: P(y) IIZ ) m
Likelihood function per class: P(x|y=i) e /n A 53”.. e MmYn robix
K m dims M M AT P

m Suppose, for each data point, we know location x and class y

Learning is easy... © '
oY= )= (ot (y=2)1a Aot
N

For prior P(y) €9

o 3 for Po.l\‘l) "
}A'\ 'Is GV"‘% X l ((a\s_( :

i)
VU\ \\I Y i & 5w = 3:A{hs-‘~—i(ﬂ-ﬂi“) U’“ '/“:v)

-
[ P,‘.ﬂh A (lv-)l‘l 3
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For likelihood function:

Unsupervised Learning: e 47 b

. gaotas hard as it Iooks ’

o ® e Sometimes easy
_— IN CASE YOU'RE
veo Ol slr"" WONDERING WHAT
°es° THESE DIAGRAMS
',,o\ of (r“.,.#"" ARE, THEY SHOW 2-d
e o s T UNLABELED DATA (X
o (0% e Sometimes impossible VECTORS)
o* " -— DISTRIBUTED IN 2-d
'.. '. SPACE. THE TOP ONE
HAS THREE VERY
CLEAR GAUSSIAN
CENTERS

and sometimes in between

/lp”l'ﬁ) buk M“V‘"") tM’ dusluf
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EM: “Reducing” Unsupervised

. gaSarning fo §ngrvised Leacrning

m |f we knew assignment of points to
classes = Supervised Learning!

m Expectation-Maximization (EM)

Guess assignment of points to
classes o clughn

Recompute model parameters
Iterate

©Carlos Guestrin 2005-2013
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T~ E.M. Algorithm

m We'll get back to unsupervised learning soon

m But now we’ll look at an even simpler case with hidden
information

m The EM algorithm

Can do trivial things, such as the contents of the next few slides

An excellent way of doing our unsupervised learning problem, a
we’ll see

Many, many other uses...
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Silly Example
"

Let events be “grades in a class”

w, = Gets an A P(A) ="
w,=Getsa B P(B)=u
w;=Getsa C P(C)=2u
w,=Getsa D P(D) = ¥2-3u

(Note 0 < <1/6)
Assume we want to estjmate y from data. In a given class there were
a As
b B’s
c C’s
d D’s

What's the maximum likelihood estimate O]}I given a,b,c,d ?
T

©Carlos Guestrin 2005-2013
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Trivial Statistisgs

Tormabzain (oa

P(A)="% PB)F7u P(C)=2p P(D)="-3u

—

P(a.b,c.d | p) = K(%)(H)*(2u)°(“2-3p)?

—

log P(a,b,c,d| )= Iog-K +_3Iog Y + blog p + clog 2u + dlog (V2-3p)
oLogP

FOR MAX LIKE u, SET 5 =0
u
6LogP=2+2_c_ 3d _o
o  wu 2u 1/2-3u
Gives max likg © = L
6(b+c+d)
So if class got
A B C D
14 6 9 10
Max likb z=
“=10
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Same Problem with Hidden Information

" JEE
Someone tells us that
Number of High grades (A's + B's) = h

Number of C’s =c
Number of D’s =d

What is the max. like estimate of y now?

We can answer this question circularly:

EXPECTATION If we know the value of u we could compute %

expected value of a an

| Since the ratio a:b should be the same as the ratio %2 : u

\ MAXIMIZATION

If we know the expected values of a and b
we could compute the maximum likelihood
value of p

©Carlos Guestrin 2005-2013

REMEMBER

P(A) = 1/2}
P®B) = 1

P(C) = 2p
P(D) = %-3u

b+c

& Grcrd)
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E.M. for our Trivial Problem |reveree

We begin with a guess for p

We iterate between EXPECTATION and MAXIMALIZATION to improve our estimates

of yand aand b.

Define p® the estimate of p on the t'th iteration
b® the estimate of b on t'th iteration

1% = initial guess
()
2TH
‘[,[(H-l) _ b(t) +C

- 6(19(” +Cc+ d)
= max like est. of u given b’

Continue iterating until converged.

Good news: Converging to local optimum is assured. }

Bad news: | said “local” optimum

ros Guestrin 2005-2013

P(A) =%
P(B) =

P(C) = 2u
P(D) = -3

4 S 1R e’
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E.M. Convergence
" JEE—

m  Convergence proof based on fact that Prob(data | y) must increase or
same between each iteration wot osvious) ot ?4 J,k Crnn Crngye

m Butit can never exceed 1 [osvious) o JabE. 3{,,;.-,,,) 7.;,\47

So it must therefore converge (osvious) th be ot -..
Who ko,
e |
In our example, t @ b
suppose we had
010 0
h =20 e —
c=10 . 1]0.0833 2.857

d=10
0) =
pO =0 h\n}amL)
Convergence is generally linear: error

decreases by a constant factor each time
step.

0.0947 3185 4.3
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