exponential random variable

X ~ Exp(A)
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The Exponential Density Function




exponential random variable

X ~ Exp(A)
e AT > 0
fz) = {oe z <0
EX] =+ Var[X] = 15

Memorylessness:

Pr( X >s+1t| X >s)=Pr(X >1t)




Examples

Radioactive decay: How long until the next alpha particle?

Customers: how long until the next customer/packet arrives at the
checkout stand/server?

Buses: How long until the next #71 bus arrives on the Ave?

Yes, they have a schedule, but given the vagaries of traffic, riders with-bikes-and-baby-
carriages, etc., can they stick to it?

Relation to the Poisson:

Poisson: how many events in a fixed time;
Exponential: how long until the next event

Relation to geometric: Geometric is discrete analog
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normal random variable
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X is a normal (aka Gaussian) random variable X ~ N(u, 0?)

f@) = —

EIX]=p

o\ 27

o—(z—p)?/202

Var[X] = o?

The Standard Normal Density Function
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normal random variable

X is a normal random variable X ~ N(u,0?)

Y=aX+b
E[Y] = E[aX+b] = ap + b
Var[Y] =Var[aX+b] = a%0?
Y ~ N(ap + b, a%0?)

Important special case: Z = (X-H)/T ~ N(O,l)| /@ = ;_e—u—mza?

oV 2m

Z ~ N(0,l1) “standard (or unit) normal”
Use ®(z) to denote CDFi.e.

b(z) =Pr(Z <z2)= [° F=e " /2da
no closed form ®




Table of the Standard Normal Cumulative Distribution Function (I)(Z)
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The Standard Normal Density Function

u=0

00 01 02 03 04 05

/

If Z ~N(M,0) what is P( u-0 < Z < p+0)? \

P(M- O<Z<Y+ O)=P()-P(-1)=68%
P(M-20<Z<U+20)=D2)-D(-2)=95% —
P(U-30<ZL<Y+30)=P3)-DP(-3)=99%




normal approximation to binomial

X ~ Bin(n,p)
E[X] =np Var[X] = np(l-p)
Poisson approx: good for n large, p small (np constant)
Normal approx: For large n, (p stays fixed):
X =Y ~ N(E[X],Var[X]) = N(np,np(1-p))
Normal approximation good when np(l-p) = 10

DeMoivre-Laplace Theorem:
Let S, = number of successes in n trials (with prob. p).

Then,as n— 0;

Sn—np .
Pr (a < Trsiin < b) — ®(b) — D(a)




P(X=k)

normal approximation to binomial
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normal approximation to binomial

Fair coin flipped 40 times. Probability of 20 heads!?

Exact answer:

10\ /1\*
P(X =20) = (20> <§> ~10.1254

Normal approximation:

P(X =20) = P(19.5< X < 20.5)
(19.5 —20 X —20 20.5— 20)
_p < <
V10 V10 V10

Q

X —2
P (—0.16 < L < 0.16)
v 10

$(0.16) — ®(—0.16) ~ | 0.1272

2
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the central limit theorem (CLT)

Consider i.i.d. (independent, identically distributed) random
vars X, X,, X, ...

X. has 4 = E[X] and 0% =Var[X]

Asn — o0,

X1+X2 e Xn_nu“ \
el . N(0,1)

Restated: As n = oo,

Ty XN ()




How tall are you? Why?

Credit: Annie Leibovitz, © 1987 ?

Willie Shoemaker & Wilt Chamberlain
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in the real world...

25

Human height is
approximately normal. .

20
|

15

Frequency

10
I
|

Why might that be
true! W 0

R.A. Fisher (1918) ° - —

| | | | [ [ | |
noted it would follow 64 66 68 70 72 74 76 78

from CLT if height Male Height in Inches
were the sum of many independent random effects, e.g. many
genetic factors (plus some environmental ones like diet). l.e.,

suggested part of mechanism by looking at shape of the curve.
(WAY before anyone really knew what genes were...)
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in the real world...
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in the real world...

Histogram of Daily Trading-Related Revenue* — Twelve Months Ended December 31, 2007
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Revenue (doliars in millions)

“Excludes daily profas and losses in the ABS COO market, including recent subprime-related losses
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he real world...

mn-t

Histogram of Velocity Dispersions
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continuous r.v.’s: summary

pdf and cdf
— d — [a
f(x) = = F(x) F(a) = [2_f(x) dx
sums become integrals, e.g.

EX] = Zexp(x)  E[X] _/_OO v f(z)da

most familiar properties still hold, e.g.
E[aX+bY+c] = aE[ X]+bE[Y]+c
Var[X] = E[X?] - (E[X])’
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continuous t.v.’s: summary

Three important examples

X ~ Uni(,B) uniform in [x,B]

1 —
fl=) = {O otherwise Var[X] = («-B)?/12 *
X ~ Exp(\) exponential
f(:c):{Ae_Ax ©20 E[X] =X
0 z <0 Var| X | = )\1—2

X ~ N(H, 0%) normal (aka Gaussian)

L (e-)?/202 EX] =
ov2m Var|X| =o

=

flx) =

\}

(x+B)/2

|
_
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