exponential random variable

X ~ Exp(A)
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The Exponential Density Function




exponential random variable

X ~ Exp(A)
e AT > 0
fz) = {oe z <0
EX] =+ Var[X] = 15

Memorylessness:

Pr( X >s+1t| X >s)=Pr(X >1t)




Examples

Radioactive decay: How long until the next alpha particle?

Customers: how long until the next customer/packet arrives at the
checkout stand/server?

Buses: How long until the next #71 bus arrives on the Ave?

Yes, they have a schedule, but given the vagaries of traffic, riders with-bikes-and-baby-
carriages, etc., can they stick to it?

Relation to the Poisson:

Poisson: how many events in a fixed time;
Exponential: how long until the next event

Relation to geometric: Geometric is discrete analog:
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normal random variable
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X is a normal (aka Gaussian) random variable X ~ N(u, 0?)

f@) = —

EIX]=p

o\ 27

o—(z—p)?/202

Var[X] = o?

The Standard Normal Density Function
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normal random variable

X is a normal random variable X ~ N(u,0?)

Y=aX+b
E[Y] = E[aX+b] = ap + b
Var[Y] =Var[aX+b] = a%0?
Y ~ N(ap + b, a%0?)

Important special case: Z = (X-H)/T ~ N(O,l)| /@ = ;_e—u—mza?

oV 2m

Z ~ N(0,l1) “standard (or unit) normal”
Use ®(z) to denote CDFi.e.

b(z) =Pr(Z <z2)= [° F=e " /2da
no closed form ®




Table of the Standard Normal Cumulative Distribution Function (I)(Z)

H

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

0.5000 ) 0.5040 0.5080 | 0.5120 0.5160 | 0.5199 0.59439 | 0.5279  0.5319

0.539 0.5438  0.5478 | 0.5517  0.5557 | 0.5596  0.5436 | 0.5675  0.5714

0.5793, 0.5832  0.5871 | 0.5910  0.5948 | 0.5987 0.6(26 | 0.6064  0.6103

0.6179\ 0.6217  0.6255 | 0.6293  0.6331 0.6443  0.6480

0.4 : 65— BB 05500 0.6808  0.6844
) 0.6915 | 0.6950 0.6985 | 0.7019  0.7054 N7iR7 7 0.7190
0.6 0.7257 \ 0.7291  0.7324 | 0.7357  0.7389 : (.46) 0.7517
0.7 0.7580 | 0.7611  0.7642 | 0.7673  0.7704 | 0.7734  0.7764___ .. .~ 0.7823
0.8 0.7881 |\ 0.7910 0.7939 | 0.7967  0.7995 | 0.8023  0.8051 | 0.8078  0.8106
0.9 08159 10.8186  0.8212 | 0.8238  0.8264 | 0.8289  0.8315 | 0.8340  0.8365
1.0 0.8413) 0.846 The Standard Normal Density Function 0.8599
1 0.864 0.868| =- ) 0.8810
1.2 0.884 0.888| . b0 ) 0.8997
1.3 0.9032 0.906( .| / 0.9162
1.4 || 0.9192 0.922| & diry 0.9306
1.5 [[ 0.9332 0.935| . / \ 0.9429
1.6 0.9452 0.947 _ | 0.9535
1.7 0.9554 0.957 °~ | ’ 7 y ; ! '} 0.9625
1.8 0.9641 0.965— oo 0.9671 Aos78 4 0.968 4 A 0.9699
1.9 0.9713 . 0.9732 0.9738/%. 744 /  0.97 09756  0.9761
2.0 0.9772 %*ﬁ—w 9793 W 0.9803 9808  0.9812
: S 0.9834 WM?M %.9850 0.9854
2.2 0.9861 . . 0.9871  0.9875 | 0.9881 4 0.9884  0.9887
2.3 0.9893  0.9896  0.9898 | U.9901 0.9904M 0.9911  0.9913
(3.0 [ 0.9987 J—0-9987  0.9987 | 0.9988  0.9988 [ 0.9989  0.9989 [ 0.9989  0.9990
3T 099907 0.9991  0.9991 | 0.9991  0.9992 | 0.9992 .9993
3.2 || 0.9993  0.9993  0.9994 | 0.9994  0.9994 | 0.9994|E.g.,see B&T p155,p531 9995
3.3 0.9995  0.9995  0.9995 | 0.9996  0.9996 | 0.9996 —0.9996 | 0.9996  0.9996
3.4 0.9997  0.9997  0.9997 | 0.9997  0.9997 | 0.9997  0.9997 | 0.9997  0.9997




The Standard Normal Density Function

u=0
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If Z ~N(M,0) what is P( u-0 < Z < p+0)? \

P(M- O<Z<Y+ O)=P()-P(-1)=68%
P(M-20<Z<U+20)=D2)-D(-2)=95% —
P(U-30<ZL<Y+30)=P3)-DP(-3)=99%




normal approximation to binomial

X ~ Bin(n,p)
E[X] =np Var[X] = np(l-p)
Poisson approx: good for n large, p small (np constant)
Normal approx: For large n, (p stays fixed):
X =Y ~ N(E[X],Var[X]) = N(np,np(1-p))
Normal approximation good when np(l-p) = 10

DeMoivre-Laplace Theorem:
Let S, = number of successes in n trials (with prob. p).

Then,as n— 0;

Sn—np .
Pr (a < Trsiin < b) — ®(b) — D(a)




P(X=k)

normal approximation to binomial
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normal approximation to binomial

Fair coin flipped 40 times. Probability of 20 heads!?

Exact answer:

10\ /1\*
P(X =20) = (20> <§> ~10.1254

Normal approximation:

P(X =20) = P(19.5< X < 20.5)
(19.5 —20 X —20 20.5— 20)
_p < <
V10 V10 V10

Q

X —2
P (—0.16 < L < 0.16)
v 10

$(0.16) — ®(—0.16) ~ | 0.1272

2
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continuous r.v.’s: summary

pdf and cdf
— d — [a
f(x) = = F(x) F(a) = [2_f(x) dx
sums become integrals, e.g.

EX] = Zexp(x)  E[X] _/_OO v f(z)da

most familiar properties still hold, e.g.
E[aX+bY+c] = aE[ X]+bE[Y]+c
Var[X] = E[X?] - (E[X])’
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continuous t.v.’s: summary

Three important examples

X ~ Uni(,B) uniform in [x,B]

1 —
fl=) = {O otherwise Var[X] = («-B)?/12 *
X ~ Exp(\) exponential
f(:c):{Ae_Ax ©20 E[X] =X
0 z <0 Var| X | = )\1—2

X ~ N(H, 0%) normal (aka Gaussian)

L (e-)?/202 EX] =
ov2m Var|X| =o

=

flx) =

\}

(x+B)/2

|
_
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